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Abstract

We report a large-eddy simulation (LES)/probability density function (PDF) study of a non-premixed
CO/H2 temporally-evolving turbulent planar jet flame, which has previously been studied using direct
numerical simulations (DNS) with a skeletal chemical mechanism. The flame exhibits strong turbulence–
chemistry interactions resulting in local extinction followed by re-ignition. In this study, the filtered velocity
field in LES and the PDF transport equations with the interaction-by-exchange with the mean (IEM) mix-
ing model (with molecular transport) are solved by the highly-scalable NGA/HPDF codes with second-
order accuracy in space and time. The performance of the hybrid LES/PDF methodology is assessed
through detailed a posteriori comparisons with DNS of the same flame. The comparison shows overall
good agreement of the temporal evolution of the temperature and mass fractions of major chemical species,
as well as the prediction of local extinction and re-ignition. The modeling of multi-scalar mixing is analyzed
using the DNS and LES/PDF results. The DNS results exhibit an attracting manifold of the streamlines of
the diffusion velocity in composition space, and the LES/PDF results show qualitative agreement on the
manifold and joint PDFs of compositions.
� 2012 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

Keywords: Large-eddy simulation; Probability density function methods; Turbulent non-premixed jet flame; Multi-scalar
mixing
1. Introduction

The numerical simulation of turbulent reacting
flows has emerged as a powerful technique for
investigating fundamental problems and develop-
ing predictive models in turbulent combustion.
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Among the simulation methods, direct numerical
simulation (DNS) requires minimal modeling,
but is restricted to simple geometries and a mod-
erate range of scales. The computational cost of
the DNS of a high-Reynolds-number turbulent
reacting flow with detailed chemistry is still very
expensive, e.g., such a DNS run may take millions
of CPU hours on a supercomputer [1]. Compared
to DNS, the hybrid large-eddy simulation (LES)
and probability density function (PDF) method
involves more extensive modeling, but its compu-
tational cost is much lower than DNS, so it is
ute. Published by Elsevier Inc. All rights reserved.
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Fig. 1. Schematic of the DNS configurations [22] (with
temperature contours at t = 40tj for Re = 9079).
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applicable to practical devices such as gas turbine
combustors and internal combustion engines [2–
4]. In LES, large-scale motions are directly com-
puted while small-scale or subgrid scale (SGS)
motions are not explicitly represented, but their
effects on the large scales are modeled. The turbu-
lence–chemistry interactions are modeled by the
PDF method [5–7]. In addition, the computation
of combustion chemistry can be significantly
accelerated by the in situ adaptive tabulation
(ISAT) algorithm [8,9]. Besides the LES/PDF
modeling approach, recent progress of LES of tur-
bulent combustion is reviewed in [10].

In the modeling approaches of LES/PDF, the
SGS modeling of turbulent reacting flows is very
challenging owing to the wide range of length
and time scales involved in turbulence and the
strong non-linear nature of chemical reactions.
The hybrid LES/PDF method provides a promis-
ing approach to simulate turbulent combustion
with detailed chemistry [11–13]. In the PDF meth-
odology, the chemical reaction is treated exactly
but the mixing term is unclosed. The modeling
of mixing is critical in non-premixed combustion,
because molecular mixing of reactants is necessary
to allow chemical reaction, and reaction rates of
compositions have highly non-linear dependencies
on their concentrations and on temperature.
Additionally, the interaction of finite-rate chemis-
try with strong mixing can lead to local extinction,
which may cause harmful emissions and flame
instability, and is challenging for the SGS
modeling.

The turbulent mixing of a passive scalar [14]
and the evaluation of several existing mixing mod-
els [15–17] have been investigated in some canon-
ical turbulent flows for Reynolds averaged
Navier–Stokes simulation (RANS)/PDF and
LES/PDF. In turbulent reacting flows, there are
at least three scalars involved, i.e., two reactants
and one product. However, most mixing models
use only composition-space variables and do not
take into account the spatial structure of the sca-
lars. To address this issue, the inert mixing of two
or three passive scalars is studied in experiments
[18] and DNS [19,20], followed by the validation
of several mixing models [21], but there are lack
of a priori and a posteriori tests of the multi-scalar
modeling in turbulent reacting flows. The existing
DNS database of a gas-phase, non-premixed CO/
H2 temporally evolving jet flame at a low Dam-
köhler number [22] stores the whole temporal–
spatial information of compositions (about
64 Gbytes per step). This is usually not available
in experiments and provides a valuable opportu-
nity to investigate the modeling of multi-scalar
mixing in LES/PDF. Additionally, this DNS is
used to estimate the mixing time scale of composi-
tions [22] and the approximation of scalar dissipa-
tion rates [23]. A variant of the one-dimensional
turbulence model is applied to the DNS and the
model can reproduce the spread rate of the jet
flame and qualitatively predict the level of local
extinction [24].

The goal of this study is to assess the capabil-
ities of LES/PDF by making detailed comparisons
with DNS of the same flame. The performance of
the LES/PDF is assessed via a posteriori compar-
isons with DNS including the prediction of local
extinction and re-ignition in a non-premixed
CO/H2 temporally evolving turbulent jet flame.
The multi-scalar mixing in DNS and LES/PDF
will be analyzed and discussed in detail.
2. Simulation overview

2.1. DNS

The DNS of a non-premixed CO/H2 tempo-
rally evolving planar jet flame is preformed by
Hawkes et al. [22]. The fuel is composed of 50%
CO, 10% H2 and 40% N2 by volume, which repre-
sents syngas. The co-flow is composed of 25% O2

and 75% N2. The initial temperature of the co-flow
is 500 K, and pressure is set to atmospheric. The
multiple transport properties for 11 species and
the skeletal CO/H2 mechanism with 21 reaction
steps based on a detail C1-kinetics are used [22].

A schematic of the DNS configurations is
shown in Fig. 1. The computational domain is
within a three-dimensional cuboid with size
Lx � Ly � Lz = 12H � 14H � 8H, where H is
the jet height. The boundary conditions are peri-
odic in the streamwise direction x and the span-
wise direction z, and outflow in the cross-stream
direction y. The grid spacing Dx of the DNS is
unform and equal in all the directions.
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The flow is statistically one-dimensional, with
statistics varying only in the y-direction. Initially
(t = 0) the flow consists of a slab of thickness H
of fuel moving in the x-direction at the bulk veloc-
ity U/2 and on either side co-flows of the oxidizer
moving in the opposite direction at �U/2. The
characteristic time scale is defined as tj = H/U.
The evolution of the turbulent jet flame is trig-
gered by small velocity fluctuations near the cen-
tral jet. The statistics of the jet flame are
independent of the initial condition after about
t = 20tj [22]. Combustion is initialized by a lami-
nar flamelet solution at an initial scalar dissipa-
tion rate v = 0.75vq, where vq is the extinction
scalar dissipation rate. The flow Reynolds number
is defined by Re = UH/mf where mf is the kinematic
viscosity of the pure fuel stream. Parameters of
the runs in the present study are listed in Table 1.
The Damköhler number is Da = vqtj = 0.011 for
both Re cases, which is low enough to result in
local extinction.

2.2. LES/PDF

The LES/PDF is a hybrid mesh–particle
method. The NGA code [25] is used to solve the
LES transport equations for mass and momentum
on a uniform Cartesian grid with parameters
listed in Table 1. The filtered velocity field ~u in
LES is computed with second-order accuracy in
space and time, where the tilde “�” denotes den-
sity-weighted filtering with the LES filter width
D that is equal to Dx of LES/PDF and eight times
of Dx of DNS. The pressure Poisson equation is
solved to enforce continuity. The dynamic SGS
model is employed to obtain the turbulent SGS
viscosity lT and diffusivity CT [26]. The same
boundary conditions of the DNS are applied,
and the initial LES fields are filtered and interpo-
lated from the DNS initial fields.

In reacting flows, the composition variable /
contains ns species mass fractions Y = {Ya,
a = 1, . . .,ns} and enthalpy h. Using the new
framework of the self-conditioned PDF [27], we
define f(w;x,t) to be the (one-point, one-time) den-
sity-weighted joint PDF of composition condi-
tioned on the resolved velocity field ~u, where w
denotes the composition sample space of /. Then
the LES mean composition is ~/ ¼

R
wfdw and the

LES mean density is �q ¼ 1=
R

f =qðwÞdw. In the
traditional filtering viewpoint in LES/PDF
[6,28], the overline “�” denotes the filtering
Table 1
Parameters of study for DNS and LES/PDF.

Run Re H (mm) N

DNS 2510 0.72 5
9017 1.37 8

LES/PDF 2510 0.72 7
9017 1.37 1
operation. Practically, both viewpoints of LES/
PDF do not lead to substantially different partial
differential equations to be solved.

The exact transport equation of f(w;x,t)

@f
@t
þr� ½f ð~uþ gujwÞ�
¼� @

@wa

f
1

�q
r�ðqCðaÞr/aÞjwþSaðwÞ

� �� �
; ð1Þ

is derived in [27–29], where the summation con-
vention applies over the subscript “a”, except to
suffice in brackets, and Sa is the chemical reaction
source term. In the right-hand-side (RHS) of Eq.
(1), the conditional diffusion term

caðw; x; tÞ �
1

�q
r � ðqCðaÞr/aÞjw ð2Þ

is modeled by

caðw; x; tÞ ¼ �Xmðwa � ~/aÞ þ eD ð3Þ
in LES/PDF, where the first term in the RHS is
the interaction-by-exchange with the mean
(IEM) mixing model [30,31] andeD � 1

�qr � ð�qCr~/Þ is the mean drift term in the
PDF method. This IEM model with molecular
transport and the corresponding numerical meth-
od are developed in [32,33]. This implementation
does not give rise to the spurious production of
scalar variance and includes the effects of differen-
tial diffusion. However, in this study we only use a
single mixture diffusivity C, assuming unity Lewis
numbers.

Eq. (1) with the model Eq. (3) is solved by a
particle method

dX�ðtÞ ¼ ~uþr�qCT

�q

� ��
dt þ

ffiffiffiffiffiffiffiffi
2C�T

p
dW ; ð4Þ

d/�ðtÞ ¼ �X�mð/
� � ~/�Þdt þ eD�dt þ Sð/�Þdt: ð5Þ

using the highly-scalable HPDF code [13] with
second-order accuracy in space and time, where
X*(t) is the particle position, W is an isotropic,
vector-valued Wiener process, ~/ is the resolved
scalars in LES. The superscript “*” on mean quan-
tities denotes evaluating the quantity at X*(t) by
interpolation. The scalar mixing frequency is
modeled as

Xm ¼ C/ðCþ CT Þ=D2; ð6Þ
with a model constant C/ = 5 for all the species in
this study. Here, the value of C/ is determined by
x Ny Nz Dx (lm)

76 672 384 15.0
64 1008 576 19.0

2 84 48 120.0
08 126 72 152.2
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the sensitivity study on the statistics discussed in
Section 3. In Eq. (5), the realizability and the nor-
malization condition of /* is achieved by impos-
ing a lower limit on the mixing frequency. It is
noted that this adjustment is small so that it does
not degrade the second-order accuracy of the
numerical scheme [32]. The molecular transport
properties used in LES are approximated by an
empirical fit to the DNS data as
l=�q ¼ m0ðeT =T 0Þ1:67 and C ¼ c0m0ðeT =T 0Þ1:77, where
m0 = 3.83 � 10�5m2/s, c0 = 1.416, and eT is ob-
tained from the PDF calculations. In the present
PDF calculations, typically Npc = 20 particles
are used in each cell. For the computation of com-
bustion chemistry with the same CO/H2 mecha-
nism used in DNS, the ISAT algorithm is
applied to obtain the time integration of the reac-
tion rate S(/) in Eq. (5) [8,9].

The coupling algorithm of the density from the
Monte Carlo PDF code to the finite volume LES
code is important and challenging [12,34]. In this
study, we used the LES solver with the third-order
bounded QUICK scheme [25] to evolve an addi-
tional scalar equation

�q
@~v
@t
þ �q~u � r~v ¼ r � �qðCþ CT Þr~vð Þ þ Sv ð7Þ

for the resolved specific volume ~v, which is the in-
verse of the density �q. Here, Sv is the logarithmic
rate of volume expansion primarily due to heat re-
lease, and it is evaluated by

Sv ¼
2hm�ðv�ðt þ DtÞ � v�ðtÞÞic
Dthm�ðv�ðt þ DtÞ þ v�ðtÞÞic

; ð8Þ

where m* is the mass of an individual particle,
v*(t) the particle’s specific volume as a function
of time, Dt the time step, and the operator h�ic de-
notes taking the average over a LES grid cell with
the cloud-in-cell approach. The consistency of the
two-way coupling algorithm has been verified in
several flame testing cases with the steady flamelet
model [34].
Fig. 2. Contours of mixture fraction 0 6 n 6 1 color coded fr
half) and LES/PDF (lower half) for Re = 9079. (For interpret
reader is referred to the web version of this article.)
3. Comparisons of DNS and LES/PDF

The LES/PDF of the non-premixed CO/H2

temporally evolving jet flame is performed up to
t = 40tj for both low- and high-Re cases (see
Table 1). The total number of grid points in
LES/PDF is 1/512 of that in DNS. The computa-
tional time for a high-Re LES/PDF run with 19.6
million particles is about 500 CPU hours on the
Cray XT5 Jaguar supercomputer.

The instantaneous contours of mixture frac-
tion n in an x–y plane are shown in Fig. 2 from
DNS (upper half plane) and LES/PDF (lower half
plane). Here, n is based on Bilger’s formulation
[35], which is a conserved scalar and shows the
mixing characteristics. From the DNS results,
we can see that at 20tj the turbulent jet is in the
transition stage with very strong straining in two
shear layers between the central jet and co-flows,
and subsequently the turbulent jet becomes fully
developed at 40tj. The contours from the LES/
PDF basically capture the large-scale structures
of this jet flame, but most of the small-scale,
sheet-like structures are below the resolved scales.

For quantitative studies, we first compare the
temporal evolution of mixture fraction at
t = 10,20,30,40tj for Re = 9079 in DNS and LES/
PDF. The first row of Fig. 3 shows the resolved

mean mixture fraction h~nixz, the resolved root

mean square (rms) hn00ixz ¼ ðhð~nÞ
2ixz � h~ni

2
xzÞ

1=2,

and the total rms hn00itotal
xz ¼ h en2ixz � h~ni

2
xz

� �1=2

,

where h�ixz denotes the average over an x–z plane.
The agreement is very good except the spreading of
the jet appears to be slightly faster at the latest time
40tj in the LES/PDF. The resolved mean and rms
temperature and mass fractions of the major
species YCO and Y CO2

are also shown in Fig. 3.
Overall good agreement of the LES/PDF results
with the DNS is observed. The discrepancy
between LES/PDF and DNS at t = 40tj may be
related to the faster spreading rate of the jet in
om light to dark on an x–y plane cut from DNS (upper
ation of the references to color in this figure legend, the
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LES/PDF as shown in the evolution of mixture
fraction. It is noted that, compared to the high-
Re case, the LES/PDF results for Re = 2510 are
found to be in a much better agreement with
DNS for the statistics shown in Fig. 3, and here
the mean and rms profiles of the low-Re LES/
PDF are not shown. As may be observed, the total
rms is only slightly larger than the resolved rms,
indicating that the LES grid is sufficient fine to
resolve the energy-containing scales. The greatest
observed difference in the resolved and total rms
is for Y CO2

at t = 10tj.
Furthermore, the mean profiles of the dissipa-

tion rate of mixture fraction are compared in the
Fig. 3. Mean and rms profiles of n, T, YCO and Y CO2
, and me

PDF for Re = 9079 (	: mean in DNS; solid line: mean in LES/
PDF; dash-dotted line: total rms in LES/PDF).
last row in Fig. 3. Here, the scalar dissipation rate
is v = 2C$n � $n in DNS, and is modeled as
~v ¼ 2ðCr~n � r~nþ Xm

fn002Þ in LES/PDF wherefn002 ¼ en2 � ð~nÞ2 is the residual variance of mixture
fraction and Xm is defined by Eq. (6). We observe
that h~vixz is underestimated at the early stage,
because the small-scale straining motions with
very high v are filtered in LES/PDF (also refer
to Fig. 2(a)). It appears that, at t = 20tj in LES/
PDF, the very high local dissipation rates are
not critical for the prediction of the mean mixture
fraction, because the scalar dispersion is mainly
controlled by large-scale motions at the early
stage.
an profiles of v at t = 10,20,30,40tj from DNS and LES/
PDF; h: rms in DNS; dashed line: resolved rms in LES/
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Since mixing is initially rapid enough relative to
reaction at the low Da in this flame, strong turbu-
lence–chemistry interactions can result in local
extinction. The DNS results show that the maxi-
mum local extinction occurs near t = 20tj. The
comparisons of DNS and LES/PDF for the mean
temperature in the whole domain conditioned on
mixture fraction at t = 0,20,40tj for both low and
high-Re cases are shown in Fig. 4. At t = 20tj, the
high-Re case has a higher degree of extinction than
that in the low-Re case [22]. Both cases re-ignite
following extinction, and at t = 40tj the high-Re
case is not as fully re-ignited as the low-Re case.
We can see that the low-Re results are in a very
good agreement with DNS. The high-Re results
show slight overprediction of the conditional mean
temperature, which is consistent with that shown in
the mean temperature profiles in Fig. 3.
4. Multi-scalar mixing

Since combustion requires that fuel and oxi-
dizer be mixed at the molecular level, the model-
ing of the mixing of compositions is crucial in
LES/PDF modeling approach. Benefiting from
the available DNS database [22], the term of mix-
ing Eq. (2) in the PDF transport equation can be
exactly extracted from DNS. This can be consid-
ered as a diffusion velocity of multiple composi-
tions in composition space, and defines the
“streamlines” in the composition space w [19].

In LES/PDF, for the general particle we can
define c�a � �X�m /�a � ~/�a

� �
þ eD� to be the mod-

eled particle velocity in composition space implied
by Eq. (3). By taking the conditional average of
Eq. (4) in an x–z plane, we obtain

hcaj/ ¼ wixz � hhc�aj/
� ¼ wiixz

¼ �hhX�mjwiixzðwa � /̂aðwÞÞ

þ hheD�jwiixz; ð9Þ
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Fig. 4. The mean temperature in the whole domain condition
Reynolds numbers cases.
where h�i denotes the local conditional average at
X, and

/̂aðwÞ � hhX�m ~/�ajwiixz=hhX�mjwiixz: ð10Þ
We find that in general the mean drift term is rel-
atively small in the RHS of Eq. (9) in this flame,
so the streamlines tend to be attracted to a
manifold

MðwÞ � kw� /̂ðwÞk2 ¼ 0: ð11Þ
In the RANS/PDF context, Eq. (10) reduces to a
single point /̂a ¼ /�a

	 

xz

and all the streamlines
are straight lines through /�a

	 

xz

, while in the
LES/PDF context, the attracting manifold could
be Eq. (11) with

/̂a 
 hh~/�ajwiixz: ð12Þ
Here, we assume the weak dependence between
X�m and ~/�, which will be justified subsequently.

The PDFs of mixture fraction f(wn) and the
normalized conditional diffusions tjhcnjwnixz on
the x–z plane-cut at y/H = 0 for the high-Re
DNS and LES/PDF are shown in Fig. 5. The sta-
tistics are obtained from a slab of Nx � Nz � 8
grid points in DNS and about Nx � Nz � Npc par-
ticles in LES/PDF. The LES/PDF results qualita-
tively agree with the DNS results but have some
quantitative differences, which implies some dis-
crepancies of the high-order moments of n. From
Eqs. (3) and (6), the underprediction of tjhcnjwnixz

suggests that the model of Xm may not be very
accurate, at least in some local regions. This
causes the slower relaxation of the f(wn) in Eq.
(1), resulting in the slight underprediction of the
mean mixture fraction in Fig. 3.

In the present study of multi-scalar mixing, we
chose two representative scalar fields: the mixture
fraction and the mass fraction of the major prod-
uct Y CO2

as a progress variable, and define two cor-
responding diffusion velocities c1 ¼ hcnjwn;wCO2

ixz
and c2 ¼ hcCO2

jwn;wCO2
ixz, and the velocity
0 0.2 0.4 0.6 0.8 1
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1000

1200
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1600

ed on mixture fraction at t = 0,20,40tj in low and high
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magnitude c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

1 þ c2
2

p
. The joint PDFs

f ðwn;wCO2
Þ and the normalized conditional means

of the diffusion velocity magnitude ctj from DNS
and LES/PDF at y/H = 0 are shown in Fig. 6.
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be closer to the joint normal distribution and the
streamlines are relatively close to the radii centered
at (hnixz, hY CO2

ixz) implied by the IEM model in
LES/PDF.

The formation of the manifold in composition
space may be related to the large-scale coherent
scalar structures, which exists near the transition
regions from laminar flow to turbulent flow. We
observe the manifold exhibits complex, non-linear
behavior, which is similar to that shown in
Fig. 5(a), near the interfaces of shear layers, e.g.,
at y/H = 1 and t = 20tj, and at y/H = 2 and
t = 40tj (not shown). This implies that it would
be a challenge for the IEM model applied in the
RANS/PDF, because in this case all the stream-
lines are radii pointing to the plane-averaged val-
ues. On the other hand, the LES/PDF results in
Fig. 6 show some qualitative agreement on the
joint PDF and the location of the manifold with
DNS. According to Eqs. (11) and (12), the stream-
lines in LES/PDF appear to be attracted to a
manifold Mðwn;wCO2

Þ 
 0. More quantitative
analysis on the formation of the manifold in com-
position space and its implications in LES/PDF
will be considered in future work.
5. Conclusions

A detailed comparative study of DNS and
LES/PDF of a non-premixed CO/H2 temporally
evolving planar jet flame with skeletal chemistry
is reported. The LES/PDF methodology is imple-
mented using the highly scalable NGA/HPDF
codes with second-order accuracy in space and
time. The recently developed IEM mixing model
with molecular transport and the two-way cou-
pling algorithm based on the specific volume have
been employed. The computational cost in the
current LES/PDF is less than 1/1000 of the corre-
sponding DNS.

The performance of the hybrid LES/PDF
methodology is assessed through detailed a poste-
riori comparisons with DNS of the same flame.
The comparison shows overall good agreement
of the temporal evolution of the temperature
and mass fractions of major chemical species, as
well as the prediction of local extinction and re-
ignition. With the filter size D = 8Dx of DNS, bet-
ter predictions are obtained in the low-Re LES/
PDF than in the high-Re case. Based on the accu-
racy of the current LES/PDF calculations, it is
reasonable to suppose that the similar accuracy
would be achieved at higher Re with the same grid
spacing relative to that required for DNS (i.e.,
high-fidelity LES). If however an LES grid spac-
ing that is comparable to the turbulent integral
scale were used, then it is an open question how
accurate the current LES/PDF modeling would
be. The capability of LES/PDF for reactive flow
in industrial applications at higher Re cannot be
validated in detail until the completion of relevant
DNS with a larger dynamic range of computa-
tional scales.

The critical issue in the PDF method, the mod-
eling of multi-scalar mixing in turbulent reacting
flows, is investigated by the comparisons of the
conditional diffusion term in the PDF transport
equation, which can be exactly extracted from
DNS and LES/PDF results. The formation and
the location of an attracting manifold from the
streamlines of the diffusion velocity in composi-
tion space is analyzed. The DNS exhibits the man-
ifold based on the plane-averaging statistics at the
early stage, when the transition from laminar flow
to turbulent flow shows large-scale coherent struc-
tures with small-scale fluctuations. The LES/PDF
results show qualitative agreement for the mani-
fold and joint PDFs of scalars.

The success of the current implementation of
LES/PDF with the IEM mixing model is expected
to stimulate more challenging cases using LES/
PDF in the future, including partially premixed
and premixed turbulent jet flames. The current
DNS and LES/PDF data also provide an excel-
lent testbed for detailed study on the modeling
of multi-scalar mixing in RANS/PDF, LES/
PDF, and self-conditioned LES/PDF [27] with
different mixing models.
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