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Abstract

We report results from a coupled large-eddy simulation (LES)/probability density function (PDF) compu-
tational study of turbulent premixed flames in the Yale turbulent counterflow flame (TCF) burner. The
Yale TCF burner in the premixed mode consists of two coaxial opposed nozzles: one emitting cold, fresh
premixed reactants, CH4/O2/N2, and the other hot stoichiometric combustion products. This results in
a turbulent premixed flame close to the mean stagnation plane. Four critical parameters are identified in
the experiments, namely, the bulk strain rate, the turbulent Reynolds number, the equivalence ratio of the
reactants mixture and the temperature of the hot combustion products. These are varied independently.
In the conditional statistics approach, the instantaneous centerline profiles of OH mass fraction and its
gradient are used to identify (i) the interface between the two counterflowing streams referred to as the gas
mixing layer interface (GMLI), and (ii) the turbulent flame front using a binary reaction progress variable,
c. The conditional mean of the progress variable conditioned on distance ∆ from the GMLI, 〈c |∆〉, and the
PDF of the GMLI-to-flame-front distance, ∆f , are used to quantify the effects of the critical parameters on
the interactions of the turbulent premixed flame with the counterflowing hot combustion products, both in
the experiments and in the simulations. The LES/PDF simulations are performed in a cylindrical domain
between the two nozzle exit planes. A base case simulation involving reference values of the critical param-
eters is simulated, and the centerline profiles (both unconditional and conditional) of the velocity statistics
and the mean progress variable are found to match well with the experimental data. Additionally, the
LES/PDF simulations predict the experimentally-observed trends of the effects of the critical parameters
on the turbulent premixed flame very well. More importantly, the probability of localized extinction at the
GMLI (i.e., 1 − 〈c |∆ = 0〉) and the PDF of the separation distance between the GMLI and flame front,
∆f , compare well with the experiments for all the flow conditions explored in the parametric study. Three
independent key quantities are computed from the LES/PDF simulations of the base case to examine if the
simulations can be considered to be in the direct numerical simulation (DNS) limit. They are (i) the ratio

of the resolved turbulent diffusivity to the resolved molecular diffusivity, D̃T /D̃, (ii) the normalized mixing

rate, ΩRτL, and (iii) the normalized grid spacing, h/δL. The ratio of D̃T /D̃ is sufficiently small (≤ 0.02)
and the value of ΩRτL is sufficiently large (≈ 22) to be considered to be in the DNS limit. However, the
ratio of h/δL is too large (≈ 0.6) and hence the LES/PDF cannot be considered to be in the DNS limit by
this criterion. In spite of the poor spatial resolution, the particle-mesh method yields a flame speed close
to the laminar flame speed and this likely explains the success of the present LES/PDF calculations of the
TCF premixed flame over the full range of critical parameters.
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1. Introduction

The understanding of the complex interactions between turbulence and chemical reactions is of fundamen-
tal importance to the design of efficient practical combustion devices. One way of understanding these
turbulence-chemistry interactions is through modeling tools. However, for the modeling tools to be reliable
and predictive, systematic validation of the underlying computational models with experiments is necessary.

Early experimental studies were performed on the turbulent opposed-jet configuration in isothermal,
non-premixed and premixed modes to establish a framework for computational validation [1–4]. Following
the initial work, turbulent counterflow flames (TCFs) have been considered as one of the benchmark con-
figurations to study turbulence-chemistry interactions [5–9]. The TCF configuration has several features,
which prove to be advantageous for experimentalists and modelers, such as: the stabilization of the flame
and the achievement of high Reynolds number without pilot flames; the realization of a variety of com-
bustion regimes from stable to local extinction/re-ignition; the compactness of the combustion region; and,
the practical relevance of the configuration to industrial combustion devices, e.g., internal combustion en-
gines and gas turbines [5]. Many collaborative works involving experimental and numerical investigations of
turbulent counterflow flames have been performed (e.g., in Darmstadt, Imperial College and Yale burners)
to test models for mixing, turbulence and chemical reactions [10–15]. High-fidelity large-eddy simulation
(LES) coupled with mixture-fraction based formulations are commonly used for the computational studies
[7, 11, 12, 14].

Probability density function (PDF) methods have been successfully used in combination with the large-
eddy simulation technique to treat both turbulent non-premixed [16–18] and premixed flames [19–21]. The
computational work presented here aims to study the turbulence-chemistry interactions in the premixed
mode of the turbulent counterflow flames (TCFs) using large-eddy simulation/probability density function
(LES/PDF) methodology [22–24]. Of particular interest in this work are the turbulent premixed flames
experimentally studied in the Yale turbulent counterflow flame (TCF) burner by research groups at Sandia
National Laboratories and at Yale University [25]. A series of experiments are conducted on the Yale TCF
burner in its premixed mode at different flame conditions, which are obtained by identifying four critical
parameters and varying them independent of each other.

The premixed mode of the Yale TCF burner consists of two coaxial nozzles placed at some distance
apart, and carrying counterflowing streams of cold, fresh premixed reactants (CH4/O2/N2) against hot
stoichiometric combustion products. The four critical parameters identified in the experiments are: (i) the
bulk strain rate based on the bulk velocity of the fresh premixed reactants stream and the distance between
the two nozzles, (ii) the equivalence ratio of the fresh premixed reactants, (iii) the turbulent Reynolds number
of the premixed reactants stream, and (iv) the temperature of the hot stoichiometric products stream. It
is interesting to note that different turbulent premixed flame behaviors are observed for different operating
conditions of the premixed mode [25]. The rich experimental data available for this mode enable us to assess
the validity and accuracy of the underlying models used in the LES/PDF computational methodology
through detailed comparisons using the analysis of conditional statistics. By studying the effects of the
above mentioned critical parameters on the turbulent premixed flame, we aim to elucidate the complex
interactions between the flow and the chemistry.

Therefore, the main goal of this computational study is to demonstrate and characterize the performance
of LES/PDF methodology for this experimentally-studied turbulent premixed flame that exhibits a variety
of combustion regimes which (i) have practical relevance for devices such as gas turbines and combustion
engines, and (ii) are known to be challenging to predict.

The remainder of the paper is organized as follows. In Sec. 2, we describe the experimental configuration
of the Yale TCF burner in the premixed mode with base-case values of the critical parameters, followed by a
description on the experimental methods employed to vary them. We then explain the procedures followed in
the experiments to detect (i) the gas mixing layer interface (GMLI) between the two counterflowing streams,
and (ii) the flame region, in which the binary progress variable c has a value of unity. This is followed by
a description of the analysis of conditional statistics based on the GMLI. In Sec. 3, the coupled LES/PDF
methodology is described along with a brief description of the velocity inflow boundary conditions. The
key parameters used in the LES/PDF code are also presented. In Sec. 4, the focus is on the parametric
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Figure 1: (a) The experimental configuration of the Yale TCF burner in the premixed mode and (b) the computational domain
used in the LES/PDF simulations. The solution domain is taken as a cylindrical region between the two nozzle exit planes as
highlighted by red box in (a). In the subsequent figures, the simulation results in the domain are shown such that the bottom
stream (hot products) is on the left-hand side (LHS) and the top stream (cold reactants) is on the right-hand side (RHS). The
computational domain aligns with the experimental configuration when it is rotated by 90◦ in the anti-clockwise direction as
indicated by the arrow.

study of the critical parameters through the analysis of conditional statistics. Firstly, the simulation results
on the centerline for the velocity and progress variable statistics are compared with the experimental data
for the base case and subsequently, the parametric space is explored by quantifying the effects of the four
critical parameters on the turbulent premixed flame through (i) the conditional mean of the progress variable
conditioned on distance ∆ from the GMLI as a function of ∆, 〈c |∆〉, and (ii) the PDF of the local separation
between the GMLI and flame front, ∆f . In Sec. 5, we examine the LES/PDF simulations of the base case in
more detail by computing three independent key quantities to determine whether the LES/PDF simulations
can be considered to be in the direct numerical simulation (DNS) limit. Finally, the conclusions from the
study are summarized in Sec. 6.

2. Yale turbulent counterflow flame (TCF) burner in the premixed mode

2.1. Experimental configuration

The experimental study on the Yale turbulent counterflow flame (TCF) burner in the premixed mode are
conducted at Sandia National Laboratories and at Yale University [25]. The influence of strain, reactants
equivalence ratio, turbulence level, and mixing with counterflowing hot combustion products on the turbulent
premixed flame is systematically investigated. In this sub-section, we describe the experimental configuration
for the base-case values of the critical parameters.

Figure 1(a) shows the experimental configuration of the counterflow burner in the premixed mode in
which two coaxial opposed nozzles of diameter djet = 12.7 mm are placed at a distance d = 16 mm apart.
The computational domain used in the LES/PDF simulations is shown in Fig. 1(b). The top stream is a
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Table 1: Reference values of the critical parameters in the base case.

Parameter Reference value

Kbulk (1/s) 1400

φu 0.85

Ret 1050

Tb (K) 1850

highly-turbulent reactants stream of a premixed CH4/O2/N2 mixture at a turbulent Reynolds number of
Ret = 1050 with an equivalence ratio of φu = 0.85 at unburnt temperature Tu = 294 K and pressure 1 atm.
The turbulence in the top stream is generated by placing a turbulence generating plate (TGP) inside the
nozzle [26]. The molar ratio of O2/N2 is fixed at 30:70 in this stream. The bottom nozzle hosts a pre-burner
which burns stoichiometric CH4/O2/N2 mixture to completion, so the bottom stream is a stream of hot
stoichiometric combustion products with a measured temperature of Tb = 1850 K and 1 atm. The TGP
is omitted in the bottom nozzle due to increased viscosity of the burnt combustion products. A turbulent
premixed flame is then established near the stagnation plane between the two nozzles.

The bulk velocity in the upper jet is kept constant at Ubulk = 11.2 m/s. Based on Ubulk and d, the bulk
strain rate Kbulk defined by

Kbulk =
2Ubulk

d
, (1)

is 1400 1/s. The turbulent Reynolds number Ret is defined as

Ret =
u′l′

νN2

, (2)

where u′, l′ and νN2are the axial r.m.s. velocity, the longitudinal integral length scale, and the kinematic
viscosity of N2 at 294 K and 1 atm., respectively. In the experiments, u′ and l′ are measured on the centerline
at a distance of 0.5 mm downstream of the top nozzle exit. The reference values of the critical parameters
for the base case are summarized in Table 1.

2.2. Parametric study

A systematic parametric study was performed on the Yale TCF burner in the premixed mode to investigate
the effects of the four critical parameters on the interactions of highly-turbulent premixed CH4/O2/N2 flames
with stoichiometric counterflowing hot combustion products. The four critical parameters that are identified
and independently varied in the experiments are: (a) the bulk strain rate, Kbulk; (b) the equivalence ratio
of the cold, fresh premixed CH4/O2/N2 mixture in the reactants stream, φu; (c) the turbulent Reynolds
number, Ret; and (d) the temperature of the hot stoichiometric combustion products stream, Tb. It is
important to note that we observe different turbulent flame behavior, both qualitatively and quantitatively,
for the various flame conditions obtained by considering different sets of the critical parameters.

Table 2 summarizes the range of the critical parameters and the experimental method employed to vary
each parameter. The bulk strain rate defined in Eq. 1 is varied from 1400 1/s to 2240 1/s by varying the
distance between the two nozzles d from 16 mm to 10 mm, while keeping the bulk axial velocity, Ubulk, in
the top stream constant at 11.2 m/s. In this study, three values of Kbulk are considered, namely, 1400, 1720,
and 2240 1/s.

Both lean and stoichiometric flames are studied by varying the equivalence ratio of the fresh premixed
reactants from 0.5 to 1.0. The concentration of CH4 is varied while keeping the molar ratio of O2/N2 at
the same ratio of 30:70. The four values considered for φu are 0.5, 0.7, 0.85, and 1.0.

The turbulent Reynolds number Ret defined in Eq. 2 is varied by changing the position of the TGP
inside the top nozzle. In this study, we consider two values of Ret, namely, 470 and 1050. It is observed
in the experiments that the closer the TGP is to the top nozzle exit, the higher the turbulent intensities
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Table 2: Range of the critical parameters in the parametric study of the premixed mode.

Parameter Range Quantity varied

Kbulk (1/s) 1400 – 2240 Distance between the two nozzles, d

φu 0.5 – 1.0 CH4 concentration in the top nozzle

Ret 470, 1050 Distance between the TGP and top nozzle exit

Tb (K) 1700 – 1950 Molar ratio of O2/N2 in the bottom nozzle

at the top nozzle exit. The value of 470 is achieved by positioning the TGP at 124 mm upstream of the
nozzle exit, whereas a value of 1050 is achieved when the TGP is 94 mm upstream of the nozzle exit. The
axial r.m.s. velocity and the longitudinal integral length scale are equal to u′ = 2.2 m/s and l′ = 3.2 mm,
respectively, for Ret = 470; and u′ = 3.9 m/s and l′ = 4.1 mm for Ret = 1050 [25].

The final parameter considered is the measured temperature Tb of the hot combustion products stream
from the bottom nozzle. The molar ratio of O2/N2 is increased from 21:79 to 30:70 to increase Tb from 1700
to 1950 K, while keeping the equivalence ratio of the premixed mixture entering the pre-burner, φb, constant
at 1.0. The mass flow rate from the bottom nozzle is slightly adjusted for different values of Tb. The four
values of Tb considered are 1700, 1800, 1850, and 1950 K. (Note that there is considerable heat loss to the
burner, since Tb is hundreds of degrees below the adiabatic flame temperature.)

2.3. Conditional statistics

The procedure outlined in the experiments [25] for extracting conditional statistics is described in this sub-
section. The same procedure is followed in the computational work so as to compare the results from the
LES/PDF simulations to the experimental data. In this method, the centerline profiles of the instantaneous
OH mass fraction (obtained in the experiments using the OH-LIF signal) and its gradient are used to identify
the gas mixing layer interface (GMLI) and the flame region as shown in Fig. 2. The centerline profiles are
shown such that the hot products stream (i.e., burnt stream) is on the left-hand side (LHS) and the fresh
reactants stream is on the right-hand side (RHS).
The GMLI is taken at the first peak in the ∇| (OH-LIF ) | profile while traversing the profiles from left to
right in Fig. 2. The GMLI signifies the boundary that separates the two opposed streams, namely, the burnt
stream and the reactants stream. The flame region is identified as all pixels to the right of the GMLI that
have a value of OH-LIF higher than a threshold value, which is taken to be moderately higher than the
value observed in the burnt stream. A binary-valued progress variable, c, is introduced to track the fresh
products from the turbulent flame front. It is taken to be equal to 1 in the flame region and 0 elsewhere. A
similar binary variable cp is used to represent the burnt stream. It has a value of 1 in the burnt stream and
0 elsewhere.

For the burning event (see Fig. 2(a)), we observe three distinct regions, namely, the burnt stream, the
flame zone and the reactants stream. Note that the flame zone is on the reactants-stream side of the
GMLI. For the extinguished event (see Fig. 2(b)), we observe only the burnt-stream and the reactants-
stream regions, and the profile of OH-LIF drops from the observed value in the burnt stream to zero in the
reactants stream without a peak. In the simulation, we use the centerline profiles of the resolved OH mass
fraction in place of the OH-LIF signal.

The conditional statistics are formed in the reference frame attached to the GMLI. A local axial coor-
dinate, ∆, is defined that is parallel to the burner centerline and has an origin that is coincident with the
instantaneous GMLI. The separation distance between the GMLI and flame front (if it exists) is denoted
by ∆f . In the present analysis, two key conditional statistics are computed and analyzed. The first condi-
tional statistic studied is the conditional mean progress variable 〈c |∆〉, which denotes the mean of c at a
distance ∆ from the GMLI. It also represents the probability of there being fresh combustion products at
that location. At the GMLI (i.e., for ∆ = 0), c is unity for a burning event and zero for an extinguished
event. Thus, 1− 〈c |∆ = 0〉 is the probability of localized extinction at the GMLI. The second conditional
statistic studied is the probability density function (PDF) of the fresh product layer thickness, ∆f . The
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(a)

(b)

Figure 2: The centerline profiles of OH-LIF (black solid line) and ∇| (OH-LIF ) | (green dashed line) for (a) a burning event
and (b) an extinguished event. The instantaneous GMLI is the vertical line shown in red. The conditional statistics are based
on the distance measured from the instantaneous GMLI location, i.e., ∆. The fresh product layer thickness is denoted by ∆f ,
where the binary progress variable c is taken as 1. The burnt stream, flame zone and reactants stream are identified using the
instantaneous centerline profiles of OH and its gradient. Note that the burnt stream is on the LHS, and the flame zone and
the reactants stream are on the RHS of the GMLI. (Figure adapted from [25].)
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fresh product layer thickness is also equal to the separation distance between the GMLI and the flame front.
Note that the PDF is formed based only on burning events: ∆f is zero for extinguished events.

3. LES/PDF methodology

The turbulent premixed counterflow flame is simulated using the LES/PDF methodology [22–24]. In this
methodology, LES is used to represent the flow and turbulence, and the PDF method is used to represent
the turbulence-chemistry interactions.

3.1. LES approach

The filtered LES transport equations for mass, momentum and scalars (resolved specific volume and mixture
fraction) are solved on a structured grid in cylindrical coordinates by the low-Mach number, variable-density
Navier-Stokes equation solver, NGA [27]. The turbulent viscosity is obtained by using the Lagrangian
dynamic sub-grid scale model [28], and the same model is applied to the mixture fraction field to obtain the
turbulent diffusivity. Thus, as functions of position x and time t, the resolved fields determined by the LES
are the velocity Ũ(x, t), the density ρ̄(x, t) and the turbulent diffusivity D̃T (x, t).

3.2. Composition PDF method

In the usual numerical implementation of PDF methods [24], a large number of notional particles are
distributed throughout the LES domain. Each particle carries information on its position, X∗(t), and
composition, φφφ∗(t). The composition variable is a vector of length ns+1, consisting of specific mole numbers
z of the ns chemical species and the mixture sensible enthalpy hs. The particle/mesh code, HPDF [17], is
employed to evolve the position and composition of each particle by solving a set of differential equations.

The particle position evolves based on the resolved velocity plus a random walk. The evolution equation
for the position is given by the stochastic differential equation (SDE)

dX∗ =

Ũ +
∇ρ̄
(
D̃T + D̃

)
ρ̄

∗ dt+
[
2
(
D̃∗T + D̃∗

)]1/2
dW, (3)

where W(t) is an isotropic Wiener process and D̃ is the resolved molecular diffusivity. The superscript
‘*’ denotes that the quantities are evaluated at the particle position, (X∗(t), t). As given by the second
term on the RHS of Eq. 3, the effects of molecular transport are modeled as a random walk term in the
particle position equation. This term is represented by the stochastic Wiener process and its magnitude is
determined by the sum of the molecular and turbulent diffusivities.

The particle composition equation evolves by the ordinary differential equation (ODE)

dφφφ∗

dt
= −Ω∗

(
φφφ∗ − φ̃φφ

∗)
+ S (φφφ∗) , (4)

where, the first term on the RHS is the classical interaction by exchange with the mean (IEM) mixing model
[29] and the second term is the reaction source term. Given the particle compositions, φφφ∗(t), the mean

composition, φ̃φφ, is estimated at the cell centers. The IEM mixing model states that the particle composition,

φφφ∗, relaxes to the mean composition interpolated onto the particle, φ̃φφ
∗
, at a specified mixing rate given by

Ω = Cm
D̃T + D̃

Λ2
, (5)

where the model constant Cm = 4.0 and Λ is the filter width in LES (usually denoted by ∆). The molecular
diffusivity is taken to be equal to the thermal diffusivity under the unity Lewis number assumption and
obtained from CHEMKIN’s transport library.
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The chemical mechanism used in the simulations is the 16-species augmented reduced mechanism (ARM1)
for methane oxidation [30]. The in-situ adaptive tabulation (ISAT) procedure [31, 32] with an error tolerance
εtol of 1× 10−4 is used to calculate the reaction source term S (φφφ∗) in the composition equation. A two-way
coupling is established between the NGA and HPDF codes by solving an additional transport equation for
the resolved specific volume ṽ in NGA as described in [18, 33]. Additionally, the resolved grid velocities and
transport properties are transferred from the LES code to the PDF code and in return, the species mass
fractions and temperature are transferred from the PDF code to the LES code.

3.3. Velocity inflow boundary conditions

The computational domain employed in the LES/PDF simulations is shown in Fig. 1(b). It is taken as a
cylindrical volume between the two nozzle exit planes, as opposed to a more commonly used large compu-
tational domain that extends upstream of the nozzle exit planes. This relatively small solution domain is
chosen to focus on the combustion region between the two nozzles and to make the LES/PDF simulations
less expensive.

The turbulence that the flame encounters is largely determined by the turbulence generating plate (TGP)
housed inside the top nozzle and therefore the velocity inflow boundary conditions at the top nozzle exit
plane are non-trivial. A separate LES is performed for a turbulent, non-reactive, opposed-jet flow using the
‘PsiPhi’ LES code [14] on a large computational domain, which also includes the regions inside the nozzles
(i.e., upstream of the nozzle exit planes). The time series of the three components of the velocity at the
nozzle exit planes are then recorded from the large-domain LES. The time series data at one of the nozzle
exit planes are suitably transformed and used as velocity inflow boundary conditions at the top nozzle exit
plane in the present simulations. The transformations are performed so as to match the mean and r.m.s.
quantities of the axial and radial velocities, and the longitudinal integral length scale on the centerline, at
the top nozzle exit plane in the simulations to those measured at a distance of 0.5 mm downstream of the
top nozzle exit in the experiments. The transformation procedure is described in detail in [34].

The hot products stream is represented by a steady velocity field with only radial profiles of the mean
axial and radial velocities (i.e., no fluctuations). This assumption is motivated by the absence of the TGP in
the bottom nozzle and the large viscosity of the hot combustion products. The experimental data available
at a distance of 3 mm downstream of the bottom nozzle exit plane are scaled to obtain the radial profiles
of the mean velocities. The scaling for the mean axial velocity is performed so that the volume flow rate
is matched to that of the experiments and the scaling for the mean radial velocity is performed so that
the mean stagnation plane is near the mid-plane. The velocity boundary conditions treatment of the hot
products stream is also discussed in detail in [34].

3.4. LES/PDF simulation parameters

Table 3 summarizes the key LES/PDF simulation parameters associated with the base case simulation (see
Table 1). The bulk axial velocities in the fresh reactants stream (top nozzle) and hot combustion products
stream (bottom nozzle) are 11.2 m/s and 38.2 m/s, respectively. The higher value for the low-density hot
products stream is chosen to counterbalance the momentum of the high-density reactants stream such that
the turbulent premixed flame is shifted near the mid-plane. The bulk Reynolds number Re is calculated
based on the bulk axial velocity Ubulk in the reactants stream and the diameter of the nozzle djet as:

Re =
Ubulkdjet
νN2

, (6)

where, νN2 is the kinematic viscosity of N2 at 294 K and 1 atm. Since the bulk velocity is kept constant in
the experiments for all the cases, the bulk Reynolds number Re is constant at a value of about 9400.

The grid size used in the LES/PDF simulations is 96×96×32 in the axial, radial and azimuthal directions,
respectively, with a finest grid spacing in the axial direction of h ≈ 0.1 mm. This grid size corresponds to a
total number of LES grid cells of approximately 0.3M (where 1M = 106) and a total of approximately 6M
particles in the PDF code (with nominally 20 particles per LES cell). The simulations are run primarily
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Table 3: Simulation parameters used in the base case simulation of the premixed mode.

Simulation parameter Base case

Nozzle exit diameter (mm), djet 12.7

Distance between nozzles (mm), d 16

Solution domain: height, diameter (mm) 16, 60

Top stream CH4/O2/N2 (φu = 0.85)

Bottom stream hot combustion products

Bulk axial velocity in the streamsa (m/s), Ubulk 11.2; 38.2

Bulk Reynolds number, Re 9400

Bulk strain rate (1/s), Kbulk 1400

Turbulent Reynolds number, Ret 1050

Temperature of the streamsa, (K) 294; 1850

Grid size (z×r×θ) 96×96×32

Total number of cells, particles 0.3M, 6M

Computational wall-clock time
(µs/cell/timestep), (NGA%-HPDF%)

∼25 (30%-70%)

a The numerical values are for the top and bottom streams, respectively.

on NICS Darter clusters using up to 48 cores. The total computational wall-clock time is approximately 25
µs/cell/timestep with the particle code consuming approximately 70% of the total computational time.

The LES/PDF base case simulation is advanced for a physical time of 0.03 s from its initial condition to
reach the statistically-stationary state and to collect statistics. This physical time corresponds to at least 20
flow-through times, where one flow-through time is defined as the time taken for a fluid particle to travel the
distance between the two nozzles d at the bulk velocity of 11.2 m/s. The average time step used is 1× 10−6

s, which gives an average value of 0.3 for the Courant-Friedrichs-Lewy (CFL) number.

4. LES/PDF simulation results

4.1. Base case simulation

The turbulent premixed flame established in the region sandwiched between the two nozzle exits is visualized
by looking at the contour plots of important quantities on a plane intersecting the computational domain
through the center. Figure 3 shows the instantaneous contour plots of temperature, mass fractions of CO2,
OH, and N2, respectively, from the base case simulation. The hot combustion products stream is on the
LHS and the cold, fresh reactants stream is on the RHS. The turbulent premixed flame is identified by the
OH mass fraction signal in the contour plot of YOH as shown in Fig. 3(c). Additionally, the simulations
predict that the flame is stabilized near the reactants nozzle lip as we see strands of T and products near the
lip in the contour plots of T and YCO2 (see Figs. 3(a) and (b)): this is also observed in the experiments [B.
Coriton, private communication]. The mass fractions of the inert gas N2 in the two counterflowing streams
are different due to the difference in the equivalence ratios, as can be seen in Fig. 3(d).

Figure 4 compares the mean and r.m.s. axial and radial velocities on the centerline for the base case
simulation with the experimental data. The mean axial velocity on the centerline matches well with the
experimental data. Its value on the combustion products stream side at z = −5 mm reaches almost twice
the magnitude compared to the value in the reactants stream at z = 8 mm. Moreover, the gradient of the
mean axial velocity is larger on the combustion products stream side than on the reactants stream side. The
r.m.s. velocities match well with the experiments on the reactants stream side and subsequently go to zero
on the combustion products stream side (as imposed by the boundary conditions). The mismatch between
the simulations and experiments is highest near the mean stagnation plane. The r.m.s. axial velocity is
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(a) (b) (c) (d)

Figure 3: Instantaneous contour plots of (a) temperature, (b) CO2, (c) OH, and (d) N2 mass fractions from the LES/PDF
simulation of the base case (see Table 1) on a plane intersecting the solution domain through the center. The hot combustion
products stream is on the LHS and the fresh reactants stream is on the RHS.
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Figure 4: For the base case (see Table 1), the centerline profiles of the mean (top row) and r.m.s. (bottom row) axial and radial
velocities; blue line: LES/PDF simulation, red symbols: experimental data [25]. The hot combustion products stream is on
the LHS and the fresh reactants stream is on the RHS. The value of Ubulk is 11.2 m/s.
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Figure 5: For the base case (see Table 1), the profiles of the conditional mean (top row) and r.m.s. (bottom row) axial and
radial velocities as a function of distance ∆ from the GMLI; blue line: LES/PDF simulation, red symbols: experimental data
[25]. The value of Ubulk is 11.2 m/s.
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under-predicted by about 25%, whereas the r.m.s. radial velocity is over-predicted by about 25% in the
simulations. Both the r.m.s. quantities reach their respective maxima on the combustion products stream
side in both the simulations and experiments.

Additionally, we compare the conditional mean and r.m.s. velocity profiles, conditioned on the distance ∆
from the GMLI, with the experimental data as shown in Fig. 5. We infer from this figure that the simulation
results match very well with the experimental data for the conditional mean axial velocity. An important
observation can be made by considering the value of the conditional mean axial velocity at the location of
the GMLI. The location of the GMLI is given by ∆ = 0 and the conditional mean axial velocity is zero at
this location; therefore, the GMLI coincides with the mean stagnation plane. The gradient of the conditional
mean axial velocity is larger at locations which are closer to the GMLI and smaller at locations away from
the GMLI; this difference in the gradients is well predicted in the simulations. The conditional r.m.s.
axial velocity is uniform as we move away from the GMLI (i.e., along the centerline towards the reactants
stream); whereas the conditional r.m.s. radial velocity decreases sharply as we move away from the GMLI.
The simulations predict the experimentally-observed trends well for both the fluctuation velocities, although
the conditional r.m.s. radial velocity is over-predicted by nearly 50% at the GMLI location.

Finally, we consider the mean profiles of c and cp on the centerline for the base case simulation, as
shown in the top row of Fig. 6. The mean progress variable 〈c〉 gives the probability of finding fresh
combustion products from the turbulent flame front. Similarly, the probabilities of finding gases from the
products stream (bottom nozzle) and the reactants stream (top nozzle) are given by 〈cp〉 and 1− 〈c〉 − 〈cp〉,
respectively. Clearly, the simulations predict the experimental values well for both the profiles, for e.g.,
the probability of finding fresh products from the flame front at z = 0 mm is predicted to be 60% in the
simulations, which is close to the value of 50% estimated in the experiments. The conditional mean progress
variable conditioned on the distance ∆ from the GMLI, 〈c |∆〉, and the PDF of the distance between the
GMLI and the flame front (i.e., the thickness of the fresh product layer thickness), ∆f , are plotted in the
bottom row of Fig. 6. The simulations predict that there is a very low probability of localized extinction at
the GMLI (i.e., 1− 〈c |∆ = 0〉 ≈ 0), however the measured probability in the experiments is about 10%.

4.2. Effect of bulk strain rate, Kbulk

The response of the stoichiometric turbulent premixed flame is studied when the bulk strain rate Kbulk is
increased from 1400 to 2240 1/s. In this study, the other critical parameters, namely, the turbulent Reynolds
number Ret, the reactants equivalence ratio φu and the products stream temperature Tb are kept constant
at values of 1050, 1.0 and 1850 K, respectively. As shown in Fig. 7(a), the probability of localized extinction
at the GMLI, given by 1 − 〈c |∆ = 0〉, remains almost unchanged at about 10% (in both the simulations
and experiments) when Kbulk is increased from 1400 1/s to 1720 1/s. However, a further increase in the
bulk strain rate to 2240 1/s increases the probability of localized extinction to 40% in the experiments and
to 24% in the simulations. As depicted in Fig. 7(b), the PDFs of the GMLI-to-flame-front distance, ∆f ,
become narrow as the strain rate increases. We find good agreement between the simulation results and the
experimental data for the two key quantities across the studied range of Kbulk.

4.3. Effect of reactants equivalence ratio, φu

To study the effect of reactants equivalence ratio on the turbulent premixed flame, we consider a range of
values for this parameter from very lean (φu = 0.5) to stoichiometry (φu = 1.0), while keeping the values of
Kbulk, Ret and Tb constant at 1400 1/s, 1050 and 1850 K, respectively. Figure 8 shows that there is a good
agreement between the simulation results and the experimental data. The probability of localized extinction
at the GMLI increases as we decrease the equivalence ratio from 1.0 to 0.5 as shown in Fig. 8(a). The increase
is most prominent for the φu = 0.5 case. The probabilities of localized extinction in the simulations for
φu = 1.0, 0.85, 0.7 and 0.5 are approximately 4%, 4%, 24% and 84%, respectively. The corresponding
experimental values are 8%, 10%, 40% and 85%, respectively. It can be observed from Fig. 8(b) that the
peaks of the PDFs become narrow, and hence the flames move closer to the GMLI, as the flame becomes
leaner.
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Figure 7: Effect of bulk strain rate Kbulk on the stoichiometric turbulent premixed flame (φu = 1.0) at turbulent Reynolds
number Ret of 1050 and product stream temperature Tb of 1850 K. (a) Conditional mean progress variable as a function
of distance ∆ from the GMLI and (b) PDF of local separation between the GMLI and flame front, ∆f ; lines: LES/PDF
simulations, symbols: experimental data [25].

13



0 2 4 6 8 10 12
0

0.2

0.4

0.6

0.8

1

∆ (mm)

〈c
|∆

〉

 

 

Kbulk = 1400 1/s

Ret = 1050

Tb = 1850 K

Kbulk = 1400 1/s

Ret = 1050

Tb = 1850 K

φu = 0.5
φu = 0.7
φu = 0.85
φu = 1.0

(a)

0 2 4 6 8 10 12
0

0.05

0.1

0.15

0.2

∆f (mm)

P
D
F

 

 

Kbulk = 1400 1/s
Ret = 1050
Tb = 1850 K

Kbulk = 1400 1/s
Ret = 1050
Tb = 1850 K

φu = 0.7
φu = 0.85
φu = 1.0

(b)

Figure 8: Effect of reactants equivalence ratio φu on the turbulent premixed flame at bulk strain rate Kbulk of 1400 1/s,
turbulent Reynolds number Ret of 1050 and product stream temperature Tb of 1850 K. (a) Conditional mean progress variable
as a function of distance ∆ from the GMLI and (b) PDF of local separation between the GMLI and flame front, ∆f ; lines:
LES/PDF simulations, symbols: experimental data [25].
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Figure 9: Effect of turbulent Reynolds number Ret on the stoichiometric (φu = 1.0) and lean (φu = 0.7) turbulent premixed
flames at bulk strain rate Kbulk of 1400 1/s and product stream temperature Tb of 1850 K. (a) Conditional mean progress
variable as a function of distance ∆ from the GMLI and (b) PDF of local separation between the GMLI and flame front, ∆f ;
lines: LES/PDF simulations, symbols: experimental data [25].
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4.4. Effect of turbulent Reynolds number, Ret

Figure 9 show the effects of turbulent Reynolds number Ret on the stoichiometric (φu = 1.0) and lean
(φu = 0.7) turbulent premixed flames at Kbulk = 1400 1/s and Tb = 1850 K. There is a good agreement
between the simulations and experiments for both the flames. The stoichiometric flame at Ret = 470
has the lowest probability of localized extinction with a unity value of 〈c |∆ = 0〉 in both the simulations
and experiments. At the same value of Ret, the lean flame has approximately 10% and 15% probabilities
of localized extinction in the simulations and experiments, respectively. As we increase Ret from 470 to
1050, the probabilities of localized extinction for the stoichiometric and lean flames in the simulations are
approximately 8% and 24%, respectively. The corresponding values observed in the experiments are 10%
and 40%, respectively. For both values of Ret, we find that the peaks of the PDFs of the separation distance,
∆f , for the lean flames are comparatively narrower as compared to the peaks for the stoichiometric flames.
Therefore, the lean flame is in a more closer proximity to the GMLI as compared to the stoichiometric flame.

4.5. Effect of products stream temperature, Tb

To understand the effects of non-adiabaticity when the product stream temperature is below the adiabatic
temperature, Tb is varied from 1950 to 1700 K for the stoichiometric (φu = 1.0) and lean (φu = 0.7) turbulent
premixed flames at Kbulk = 1400 1/s and Ret = 1050. As shown in Fig. 10, the product stream temperature
has negligible effect on the stoichiometric flame as the profiles of 〈c |∆〉 and the PDF of ∆f overlap for
different values of Tb. In contrast, the effect on the lean flame is more pronounced as shown in Fig. 11.
When the product stream temperature Tb is decreased from 1950 to 1700 K, the probability of localized
extinction increases and the PDF of ∆f becomes slightly narrower for the lean flame. The simulations
capture the contrasting effects of the product stream temperature Tb on the behavior of stoichiometric
and lean turbulent premixed flames very well. The extinction probabilities predicted by the LES/PDF
simulations for Tb values of 1700, 1800, 1850 and 1950 K for the lean flame are 96%, 80%, 24% and
16%, respectively. The corresponding values observed in the experiments are 96%, 80%, 40% and 24%,
respectively. We also infer that the PDFs of the separation distance, ∆f , are narrower for the lean flames
as compared to that of the stoichiometric flames.

5. DNS limit consideration

In this section, we examine the LES/PDF simulations of the turbulent premixed flames in the Yale TCF
burner in more detail by considering the base case simulation (see Table 1) as a representative example. In
particular, three independent key quantities from the LES/PDF simulation of the base case are calculated
and analyzed to determine if the simulations can be considered to be in the DNS limit.

We denote the laminar flame speed and thickness by sL and δL, the adiabatic flame temperature by Ta
and the molecular diffusivity at the unburnt temperature Tu by Du. The laminar-flame time scale τL is
then defined as Du/s

2
L. The three quantities considered are:

1. The ratio of the resolved turbulent diffusivity to the resolved molecular diffusivity, D̃T /D̃.

2. The normalized mixing rate, ΩRτL, where ΩR is the value of the mixing rate Ω evaluated at temperature
TR = 1

2 (Ta + Tu).

3. The ratio of the axial grid spacing on the centerline to the laminar flame thickness, h/δL.

In the DNS limit [35], the above quantities have the following limits: D̃T /D̃ → 0, ΩRτL →∞ and h/δL → 0.
We now compare the centerline values of these quantities in the LES/PDF simulation of the base case to
their corresponding values in the DNS limit. It is emphasized that all three quantities need to be sufficiently
close to their respective DNS limits in order for the LES/PDF to be considered to be a DNS.
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Figure 10: Effect of product stream temperature Tb on the stoichiometric (φu = 1.0) turbulent premixed flame at bulk strain
rate Kbulk of 1400 1/s and turbulent Reynolds number Ret of 1050. (a) Conditional mean progress variable as a function
of distance ∆ from the GMLI and (b) PDF of local separation between the GMLI and flame front, ∆f ; lines: LES/PDF
simulations, symbols: experimental data [25].
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Figure 11: Effect of product stream temperature Tb on the lean (φu = 0.7) turbulent premixed flame at bulk strain rate Kbulk

of 1400 1/s and turbulent Reynolds number Ret of 1050. (a) Conditional mean progress variable as a function of distance ∆
from the GMLI and (b) PDF of local separation between the GMLI and flame front, ∆f ; lines: LES/PDF simulations, symbols:
experimental data [25].
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Figure 12: The conditional mean of the ratio of the resolved turbulent diffusivity to the resolved molecular diffusivity with
respect to the resolved temperature on the centerline from the LES/PDF simulation of the base case (see Table 1).

5.1. Laminar flame properties

To determine the laminar flame speed sL and the adiabatic flame temperature Ta, the accurate solution to
a one-dimensional, freely-propagating, unstrained, laminar premixed flame is obtained in CHEMKIN-PRO
[36]. The laminar flame speed and adiabatic flame temperature of the premixed flame under φu = 0.85
and Tu = 294 K is calculated to be sL = 56.6 cm/s and Ta = 2435 K, respectively. Using the values of
Du = 2.18× 10−5 m2/s and sL = 56.6 cm/s, the laminar-flame time scale τL(= Du/s

2
L) is calculated to be

approximately 68 µs. The temperature at which the mixing rate Ω is evaluated to compute the normalized
mixing rate ΩRτL is given by TR = 1

2 (Ta + Tu) = 1365 K.
To compute the laminar flame thickness δL, a one-dimensional, strained, opposed-jet, laminar premixed

flame with the streams compositions the same as those of the base case simulation is solved in CHEMKIN-
PRO [36] to obtain the temperature profile on the centerline. We take the laminar flame thickness as
the secant thickness, defined as follows. Let x1/4 and x3/4 denote the locations at which the normalized
temperature (T − Tu)/(Tmax − Tu) has the values 1/4 and 3/4, respectively. Then we define the laminar
flame thickness as δL =

∣∣2 (x3/4 − x1/4)∣∣ and is found to be 0.25 mm.

5.2. Molecular diffusion

Figure 12 shows the conditional mean of D̃T /D̃ with respect to the resolved temperature T̃ on the centerline

for the base case simulation. The value of
〈
D̃T /D̃ | T̃

〉
is maximum at the temperature of the reactants

stream and decreases as the temperature increases. We observe a dip in the profile at the products-stream
temperature as the value of D̃T is relatively small at the nozzle exit of the products stream. In regions of
higher temperatures (for e.g., T̃ ≥ 1500 K), the premixed flame interacts with the counterflowing combustion

products stream; and from Fig. 12, it can be inferred that in this region the value of
〈
D̃T /D̃ | T̃

〉
is at most

0.02. Roughly speaking, where combustion takes place, the turbulent diffusivity is less than 2% of the

molecular diffusivity. Therefore, it can be concluded that the value of
〈
D̃T /D̃ | T̃

〉
is sufficiently small (for
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Figure 13: Instantaneous plots of the centerline normalized mixing rate ΩτL as a function of (a) distance between the two
nozzles and (b) the centerline resolved temperature from the LES/PDF simulation of the base case (see Table 1)
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T̃ ≥ 1500 K) to be considered to be in the DNS limit. We also note that the molecular diffusion plays a
dominant role in defining the turbulence-chemistry interactions observed in the flame zone formed by the
turbulent premixed flame in this opposed-jet configuration.

5.3. Mixing rate

The mixing rate Ω given by Eq. 5 is normalized by the laminar-flame time scale τL (see Sec. 5.1) to obtain
the normalized mixing rate ΩτL. For the base case simulation, Fig. 13(a) shows an instantaneous plot of
the normalized mixing rate ΩτL on the centerline, and Fig. 13(b) shows the plot of the same quantity as

a function of the centerline resolved temperature T̃ (at the same instant). The normalized mixing rate is
minimum in the reactants stream, increases as we approach the flame zone, and then decreases towards
the products stream. From Fig. 13(b), the value of ΩRτL at TR = 1365 K for the base case simulation is
approximately equal to 22. As now argued, this value is sufficiently large to be considered to be in the DNS
limit.

The effect of the normalized mixing rate on the LES/PDF solutions is examined in a companion study
[35], in which a mesh-free particle method is used to obtain numerically-accurate solutions for a freely
propagating, one-dimensional, unstrained laminar flame. That study confirms that the observed flame
speed uF and thickness δF converge to the laminar-flame values (sL and δL) as ΩRτL tends to infinity.
For the value ΩRτL ≈ 22 of the current simulations, the flame speed and thickness are close to this limit,
specifically uF /sL = 1.04 and δF /δL = 1.09. In contrast, at the smaller normalized mixing rate of ΩRτL = 5,
there are significant departures of 28% and 48%, respectively, in uF and δF . Thus, as far as the flame speed
and thickness are concerned, we conclude that the normalized mixing rate ΩRτL ≈ 22 is sufficiently large
for the LES/PDF to be considered to be in the DNS limit by this criterion to a good approximation.

(In [35], the normalized mixing rate is expressed differently as a quantity denoted as Ωuτc. The conversion
between the two expressions of the normalized mixing rate is ΩRτL = 16.5 Ωuτc.)

A defect of the random-walk model of molecular diffusion is that it introduces spurious production of
composition fluctuations. From the LES/PDF calculations of the unstrained laminar flame described in [35],
it is found that for ΩRτL ≈ 22, the maximum r.m.s. fluctuations in the reaction progress variable is 12%,

and that it approaches zero slowly as (ΩRτL)
−1/2

.
Figure 14 shows an instantaneous scatter plot of the particle temperature vs. position on the centerline,

color-coded by the particle mass fraction of OH from the LES/PDF simulation of the base case. The
maximum r.m.s. of the normalized temperature (T − Tu) / (Ta − Tu) is 35%. Evidently, ΩRτL ≈ 22 is not
sufficiently large for the fluctuations to be negligible, and hence by this criterion, the LES/PDF are not in
the DNS limit.

5.4. Grid spacing

Figure 15 shows the centerline profiles of the instantaneous resolved temperature T̃ at different instants of
time from the LES/PDF simulation of the base case for −4 ≤ z ≤ 4. As can be seen from this figure, the

profiles of the resolved temperature T̃ vary considerably due to the turbulence encountered by the premixed
flame and therefore, the flame brush spans approximately the z values between −4 mm and 4 mm. We now
consider the values of normalized grid spacing (h/δL) on the centerline and in particular, for −4 ≤ z ≤ 4,
to determine if the grid is sufficiently fine to resolve the flame thickness.

Figure 16 shows the normalized grid spacing (h/δL) on the centerline in the LES/PDF simulation of the
base case. For −4 ≤ z ≤ 4, the values of normalized grid spacing, h/δL, lie between 0.36 and 0.8. Therefore,
we can infer that the grid is coarse by at least by a factor of 4 compared to that needed to resolve the laminar
flame thickness, as conventionally, at least 10 grid points are needed within the laminar flame thickness.

In the companion study [35], the present LES/PDF methodology (both model and code) is used to make
calculations of a mildly-strained laminar premixed flame in an opposed-jet configuration. These calculations
are performed for a wide range of normalized grid spacings, h/δL, and this confirms that the laminar-flame
speed and thickness are recovered on sufficiently fine meshes. However, for h/δL = 0.36 and h/δL = 0.8 (i.e.,
over the range of the current turbulent flame calculations) the observed flame thicknesses are δF /δL = 1.5
and 2.5, respectively. Hence, predictably, this grid spacing is too coarse to resolve the laminar flame at all
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Figure 14: Scatter plot of the particle temperature on the centerline color-coded by the particle OH mass fraction from the
LES/PDF simulation of the base case (see Table 1). The black solid line is the laminar profile from the solution of the strained,
opposed-jet, laminar premixed flame (refer to Sec. 5.1). The grid points are shown as black circles on the top horizontal axis.
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Figure 15: The centerline profiles of instantaneous resolved temperature T̃ at different instants of time from the LES/PDF
simulation of the base case (see Table 1). The black-symbols line is the laminar profile from the solution of the strained,
opposed-jet, laminar premixed flame (refer to Sec. 5.1). The grid points are shown as black circles on the top horizontal axis.
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accurately, and consequently the present calculations are definitely not in the DNS limit. However, and this
may be the key to the success of the present calculations, for h/δL in the range [0.36, 0.8], the normalized
flame speeds uF /sL observed in [35] are in the relatively narrow range [0.7, 1.2] around unity.

Finally, we calculate the flame thickness based on the centerline profiles of the resolved temperature T̃
(see Fig. 15) from the LES/PDF simulations of the base case. The flame thickness δF is calculated using the
secant method at each instant of time. The PDF of the flame thickness δF normalized by the laminar flame
thickness δL is shown in Fig. 17. The value of the mode signifies that there is a high probability that the
observed flame thickness in the LES/PDF simulations is about 1.6 times the true laminar flame thickness.
This value for the mode falls within the range (and closer to the lower limit) observed in the DNS limit
study [35], i.e., 1.5 ≤ δF /δL ≤ 2.5. Note that the flame thickness δF should not be confused with the fresh
product layer thickness ∆f . From Fig. 6, we observe that the mode of the PDF of ∆f is close to 2 mm
≈ 8 δL ≈ 16h.

The conclusions from these considerations are summarized in items 9–14 in Sec. 6.

6. Conclusions

The following important conclusions can be drawn from the computational study presented in this paper:

1. The premixed mode of the Yale TCF burner is studied computationally using the LES/PDF method-
ology to examine the effects of four critical parameters (Kbulk, Ret, φu and Tb) on the interactions of
the turbulent premixed counterflow flame with the counterflowing combustion products.

2. A small cylindrical computational domain between the two opposed nozzle exits is employed for the
computational study. The specification of the velocity inflow boundary conditions at the nozzle exit
planes for the chosen computational domain is non-trivial. The inflow boundary condition method
described in [34] is employed and found to be successful.

3. As in the experiments, the centerline profiles of OH mass fraction and its gradient are used to identify
the gas mixing layer interface (GMLI) and the flame zone. The binary progress variable c is used to
track fresh combustion products from the turbulent premixed flame.

4. The turbulence-chemistry interactions observed for different flame conditions, obtained by varying the
identified critical parameters systematically, can be better understood by considering the mean profile
of c conditioned on the distance ∆ from the GMLI, i.e., 〈c |∆〉 and the PDF of the GMLI-to-flame-front
distance (i.e., fresh product layer thickness), ∆f .

5. For the base case simulation, the centerline profiles of the mean and r.m.s. axial and radial velocities
and the mean progress variable match satisfactorily with the experimental data. Additionally, the
conditional mean and r.m.s. axial and radial velocities and the conditional mean of the progress
variable, conditioned on distance ∆ from the GMLI, match well with the experimental data.

6. The LES/PDF simulations predict the experimentally-observed trends of the effects of the critical
parameters very well, including the contrasting effects of the product stream temperature Tb on the
stoichiometric and lean turbulent premixed flames.

7. The comparisons of the simulation results with the available experimental data for the two key quan-
tities, i.e., 〈c |∆〉 and the PDF of ∆f , are found to be successful for all the flame conditions obtained
by varying the critical parameters systematically.

8. Three independent key quantities, namely, D̃T /D̃, ΩRτL and h/δL, are extracted from the combustion
zone of the LES/PDF simulations of the base case to determine whether the LES/PDF simulations
can be considered to be in the DNS limit.

9. The ratio of turbulent-to-molecular diffusivity, D̃T /D̃, is no larger than 0.02, and is thus small enough
to be considered to be in the DNS limit.

10. The normalized mixing rate ΩRτL ≈ 22 is sufficiently large that accurate numerical simulations yield
flame speeds and thicknesses within 4% and 9%, respectively, of their laminar values. To this extent,
ΩRτL may be considered large enough to be in the DNS limit.
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11. The previous point notwithstanding, because of the spurious production of fluctuations by the random
walk model for molecular diffusion, the LES/PDF method applied to a laminar flame incorrectly
yields significant (12%) composition fluctuations. Even larger fluctuations are evident in the present
turbulent flame calculations.

12. The ratio of the grid spacing to the laminar flame thickness h/δL ≈ 0.6 is too large, by about a factor
of 4, compared to that required for numerically-accurate calculations. For this reason, the present
LES/PDF simulations cannot be considered to be in the DNS limit.

13. In spite of the poor spatial resolution, the particle-mesh method yields flame speeds close to the
laminar speed (i.e., uF /sL ≈ 0.92). This observation likely explains the success of the present TCF
calculations over the full range of critical parameters.

14. Because of the poor spatial resolution, the observed flame thickness is about twice the laminar value,
i.e., δF ≈ 2 δL ≈ 4h.
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