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A series of piloted premixed jet flames with strong finite-rate chemistry effects is studied
using the joint velocity-turbulence frequency-composition PDF method. The numerical
accuracy of the calculations is demonstrated, and the calculations are compared to experi-
mental data. It is found that all calculations show good agreement with the measurements
of mean and rms mixture fraction fields, while the reaction progress is overpredicted
to varying degrees depending on the jet velocity. In the calculations of the flame with
the lowest jet velocity, the species and temperature show reasonable agreement with
the measurements, with the exception of a small region near the centerline where prod-
ucts and temperature are overpredicted and fuel and oxidizer are underpredicted. In the
calculations of the flame with the highest jet velocity, however, the overprediction of
products and temperature and underprediction of fuel and oxidizer is far more severe.
An extensive set of sensitivity studies on inlet boundary conditions, turbulence model
constants, mixing models and constants, radiation treatment, and chemical mechanisms
is conducted to show that any parameter variation offers little improvement from the
base case. To shed light on these discrepancies, diagnostic calculations are performed
in which the chemical reactions are artificially slowed. These diagnostic calculations
serve to validate the experimental data and to quantify the amount by which the base
case calculations overpredict reaction progress. Improved calculations of this flame are
achieved only through artificially slowing down the chemical reaction by a factor of
about 10. The mixing model behavior in this combustion regime is identified as a likely
cause for the observed discrepancy in reaction progress.

Keywords: PDF method; turbulent flames; lean premixed combustion; finite-rate chem-
ical kinetics; detailed chemistry

1. Introduction

The ability of the PDF method [1] to treat chemical reactions exactly has rendered it a useful
tool for the prediction of finite-rate chemistry effects in turbulent flames. Past studies have
shown the PDF method to be capable of calculating non-premixed jet flames [2,3], including
flames exhibiting combustion phenomena such as local extinction and reignition [4–8].
Similarly, the PDF method has successfully been applied to stoichiometric premixed planar
flames [9] and jet flames [10]. In the current work, the PDF method is applied to a series
of piloted premixed jet flames [11–13] which exhibit high turbulence levels, wide reaction
zones, and extinction-reignition events, while based on a burner of simple geometry using
a lean premixed fuel jet. While there exist other approaches specifically for modeling
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246 D.H. Rowinski and S.B. Pope

Table 1. Properties of the three concentric streams in the PPJB: D is diameter, Ub is jet bulk
velocity, T is temperature, φ is equivalence ratio. The two flames considered, PM1-50 and PM1-200,
have jet velocities of 50 m/s and 200 m/s, respectively.

Stream D (mm) Ub (m/s) T (K) φ Composition

Jet 4 50–200 300 0.5 CH4–air (unburnt)
Pilot 23.5 5.3 2280 1 CH4–air (burnt)
Coflow 197 4.0 1500 0.43 H2–air (burnt)

premixed flames, the PDF approach is not inherently limited to a particular mode of
combustion.

Lean premixed combustion is of practical interest as a means of pollutant reduction. A
prominent feature of lean premixed combustion is the low temperature at which combus-
tion occurs. Consequently, there is decreased formation of pollutants such as NOx , soot,
and volatile organic compounds. However, operation at lean equivalence ratios also has
the complication of increased tendency for extinction or blowoff, and the details of the
combustion can be extremely sensitive to fuel composition [14]. For these reasons, a better
understanding of the turbulence-chemistry interaction in this regime is critical.

The flames studied here are based on the Sydney piloted premixed jet burner (PPJB) [11].
The burner consists of a central jet of a lean methane–air premixture surrounded by a pilot
of hot stoichiometric methane–air products. Outside the pilot stream is a hot coflow of lean
hydrogen–air products. The stream configurations in the PPJB are summarized in Table 1.
There is an additional coflow of ambient air around the hot coflow stream. However,
additional calculations of the four-stream problem (shown in the supplemental material in
Figure SM-1, where Figure SM-1 denotes Figure 1 of the supplemental material) reveal
that the entire flame lies well within the hot coflow of lean hydrogen products, and there is
little difference when the additional air stream is not considered. Therefore, the air stream
is neglected in these calculations. The problem is then reduced to a three-stream problem.
A mixture fraction is associated with each stream, and is defined to be a passive scalar that
is unity at the composition of that stream, and zero at the composition of the other streams.
The mixture fractions sum to unity, so there are only two independent mixture fractions. In
practice, the mixture fractions are defined based on the elemental specific moles of H, O,
and C.

Four flames are measured in [11], and the flames with the lowest and highest jet
velocities, PM1-50 and PM1-200, are presented here. PM1-50 has a central jet with bulk
velocity of 50 m/s and Reynolds number (Re) of 12,500 based on the central jet. The
configuration of PM1-200 is identical to that of PM1-50, except that the central jet bulk
velocity is 200 m/s, yielding a Reynolds number of 50,000. PM1-200 exhibits a decreased
luminosity downstream from x/D of 15–45, where x is the axial coordinate and D = 4 mm
is the central jet diameter. This region is referred to here as an extinction region. Farther
downstream, between x/D of 45 and 60, there is a small increase in luminosity, referred to
here as a reignition region.

This work is outlined as follows: First, in Section 2, a brief description of the models
and numerical methods used in the calculation is presented. In Section 3, the numerical and
model parameters used in the calculations are stated, and the level of numerical accuracy
is reported. In Section 4, results are presented for the base case, and the findings of a large
number of sensitivity studies are summarized. The sensitivity of the flames to the chemical
reaction timescale is shown, and the results are discussed in detail. Conclusions are drawn
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Combustion Theory and Modelling 247

in Section 5 regarding the performance of the models and the nature of the combustion in
these flames. Additionally, the supplemental material contains many more results than can
be presented in this paper.

2. PDF method

In the joint velocity-turbulence frequency-composition PDF method [15], the joint PDF of
fluctuating velocity, turbulence frequency, and composition is solved by a particle-based
Monte Carlo method. Particle velocities are modeled by the simplified Langevin model [16],
and the timescale of turbulence is provided by a stochastic frequency model [17].

The particle composition evolves by mixing and reaction. In the base case, the EMST
(Euclidean Minimum Spanning Tree) mixing model [18] is used to advance the particle
composition due to mixing. A chemical mechanism dictates the reaction rates through
which the particle composition advances due to chemical reaction; this step is performed in
a computationally efficient way by using the ISAT (In Situ Adaptive Tabulation) algorithm
[19,20] to build a storage-retrieval table as the calculation progresses. The parallel algorithm
of domain partitioning of particles [7] is used to facilitate efficient parallel computation.

The particle solver is coupled with a finite volume solver which solves the mean
equations of mass, momentum, energy, and state [21–23]. The finite volume solver provides
the particle solver with the mean velocity and pressure, while the particle solver provides
the turbulence quantities and reaction source term to the finite volume solver. These models
and solvers are the same used in many previous calculations [7,8,23] with the same model
constants, excluding the turbulence model parameter Cω1, as discussed later.

3. Calculation details

3.1. Computational domain and boundary conditions

The solution domain is a rectangle represented in polar cylindrical coordinates. The origin
corresponds to the center of the central jet at the jet exit plane. The domain extends
40D in the radial (r) direction and 100D in the axial (x) direction. The coflow boundary
(r/D = 40) is taken to be a perfect-slip wall, the centerline (r/D = 0) is axisymmetric,
and at the outflow (x/D = 100) the mean pressure is uniform.

At the inflow plane (x/D = 0), the mean velocities are prescribed based on separate
calculations using the commercial code FLUENT. The k − ε model is used on a domain
similar to that used for the joint-PDF calculations, but extending 100D upstream of the
jet exit plane. The velocity profiles at the jet exit plane are extracted to represent the fully
developed pipe flow of the jet and the entrainment of the pilot and coflow. The variances
of velocity, 〈uxux〉, 〈urur〉, and 〈uθuθ 〉, are approximated based on the turbulent kinetic
energy, k, according to 〈uxux〉 = k and 〈urur〉 = 〈uθuθ 〉 = (1/2)k. The velocity covariance,
〈uxur〉, is prescribed based on the turbulent viscosity, νT , and the gradient of the mean axial
velocity in the radial direction, ∂〈Ux〉/∂r , according to 〈uxur〉 = −νT ∂〈Ux〉/∂r . The mean
velocity profiles, the axial variance of velocity, and the velocity covariance are shown in
Figure 1 for the base case calculations of PM1-200.

The compositions are prescribed based on the experimental conditions given in Table 1,
and the coflow and pilot are taken to be in chemical equilibrium. For the base case, the mean
temperature profiles at the inlet are uniform for each stream. Additionally, the heat transfer
between the hot coflow and the cold, pre-ignited pilot stream through the coflow-pilot wall
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Figure 1. Inlet profiles from FLUENT calculations for flame PM1-200. The topmost plot shows
the profiles at the inlet plane for mean axial velocity, 〈Ux〉, indicated by the solid line, and mean
radial velocity, 〈Ur〉, indicated by the dashed line. Quantities are non-dimensionalized by the jet bulk
velocity, Ub, and the jet diameter, D. The middle plot shows the inlet profiles of the axial variance of
velocity, 〈uxux〉, indicated by the solid line, and the covariance, 〈uxur〉, indicated by the dashed line.
The bottom plot shows the mean temperature profiles for the case considering heat transfer, indicated
by the solid line, and for the adiabatic base case, indicated by the dashed line.

is considered in subsequent calculations. The temperature profiles for these two cases are
compared in Figure 1 for the calculations of PM1-200.

It is emphasized that the FLUENT calculations are used solely to obtain these inflow
boundary conditions for the PDF calculations. Furthermore, although some of the turbu-
lence quantities are crudely approximated, it is found from sensitivity studies that the inlet
conditions make little difference in the region of interest in these calculations, generally
beyond 25 jet diameters downstream.
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Table 2. Results of numerical convergence tests. Shown are the maximum percentage changes
(relative to the base case) in the mean and rms of various quantities for tests A, B, C, and D. In case
A, the grid is refined from (Nx ,Nr ) of (144,144) to (192,192); in case B, Npc is increased from 50 to
200; in case C, εtol is reduced from 2 × 10−5 to 1 × 10−5; in case D, Nta increases from 4000 to 8000.

ξ T Ymaj Ymin

Case εmean εrms εmean εrms εmean εrms εmean εrms

A 4% 8% 4% 7% 7% 10% 8% 15%
B 1% 3% 1% 2% 1% 3% 2% 7%
C 1% 1% 1% 1% 1% 2% 1% 3%
D 1% 2% 1% 2% 1% 1% 2% 3%

3.2. Base case

3.2.1. Numerical parameters

Numerical error is present in the calculations due to the finite number of cells in the axial and
radial directions, Nx and Nr , particles per cell, Npc, iterations of time averaging, Nta, and due
to the ISAT error tolerance, εtol, being greater than zero. In the base case, these parameters
are taken to be: Nx = Nr =144, Npc = 50, Nta = 4000, and εtol = 2 × 10−5. The error in the
calculations is examined through convergence studies of these four parameters in PM1-200.
The reported error between two cases is defined as the maximum percentage difference
relative to the peak value, at all investigated locations. The results of the convergence studies
are summarized in Table 2, showing the maximum errors in mixture fractions ξ , temperature
T , and mass fractions of major (CH4,O2,N2,CO2,H2O) and minor (CO, OH) species, Ymaj

and Ymin. In case A, the grid is refined from (Nx ,Nr ) of (144,144) to (192,192); in case B,
Npc is increased from 50 to 200; in case C, εtol is reduced from 2 × 10−5 to 1 × 10−5; in
case D, Nta increases from 4000 to 8000. As may be seen, the only significant numerical
error is due to the grid size (case A). This error is generally of order 5% for mean quantities
and 10% for rms quantities, although slightly higher for minor species.

3.2.2. Model parameters

The value for the turbulence model parameter Cω1, which controls the spreading rate of the
jet, is determined from calculations of non-reacting flows on the same burner configuration.
The value Cω1 = 0.70 is chosen, and the agreement of velocity in the non-reacting flows is
good. This value of Cω1 is larger than the values of 0.65 used in [7, 8] and 0.56 in [5]. The
EMST mixing model with a mixing constant, Cφ , of 1.5 is used for the base case, along
with the ARM1 16-species reduced mechanism for methane [25]. This mixing model, value
of Cφ , and mechanism have previously yielded successful calculations of non-premixed jet
flames [7].

4. Results and discussion

4.1. Base case

A brief summary of the base case for both flames is provided first. Figure 2 shows profiles
of scalar statistics for the base case calculations of PM1-50 at the two farthest downstream
measurement locations, x/D = 15 and x/D = 25. The base case for PM1-50 is generally
marked by good agreement in the mean and rms of all mixture fractions, fuel, oxidant,
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Figure 2. Radial profiles of Favre mean and rms mass fractions (Y ) and temperature (T ) for the
base case of PM1-50 at x/D = 15 and x/D = 25. Open circles are measurements, solid lines are the
base case calculations. To see the full colour versions of this and subsequent figures, please access
the online version of this paper.

and products. Near the centerline at x/D = 25, there is a small region where the reaction
progress is overpredicted. One shortcoming is an inaccurate calculation of the initial mixing
between the pilot and coflow. This can be observed both in the faster spreading of the
temperature profile in the calculations and also in the larger variances produced between
the pilot and the coflow in the calculations. These discrepancies are observed at x/D = 15
and further upstream. However, sensitivity studies show that the inlet conditions make little
difference beyond x/D = 25 in PM1-50, and far less difference in PM1-200. Scatter plots
of the radicals CO and OH (shown in the supplemental material, Figure SM-5) as a function
of equivalence ratio, φ, suggest that most reaction occurs around φ of 0.6–0.7. This range
of equivalence ratios is slightly richer than than central jet, where φ is 0.5, suggesting that
in general the combustion occurring in this flame is sustained by richer mixtures.

The base case for PM1-200 is markedly different. Figure 3 shows the scalar statistics
in the base case calculations of PM1-200 at the two farthest downstream measurement
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Figure 3. Radial profiles of Favre mean and rms mass fractions (Y ) and temperature (T ) for the base
case of PM1-200 at x/D = 30 and x/D = 45. Open circles are measurements, solid lines are the
base case calculations.

locations, x/D = 30 and x/D = 45. While all mean and rms mixture fractions show
good agreement, the fuel and oxidant are drastically underpredicted while the products
and temperature are overpredicted downstream. These calculations involve three streams,
namely the jet, pilot, and coflow. A mixture fraction is associated with each stream and
is evaluated in the calculations. It is important to note that the mean and rms of all three
mixture fractions is generally well-predicted, so that the observed differences are not caused
by inaccurate calculations of the mixing but rather by the overprediction of the progress of
the reaction. To examine the influence of model parameters on this discrepancy, sensitivity
studies are conducted.

4.2. Sensitivity studies

An extensive set of sensitivity studies is performed on PM1-200. The details of these
studies are provided in the supplemental material in Figures SM-24–62. These studies
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Figure 4. Mean fuel mass fraction normalized by the fuel mass fraction of the jet, at x/D = 45 on
the centerline as a function of coflow temperature in calculations of PM1-200. Squares indicate the
ARM-1 mechanism, and circles indicate the UCSD mechanism. The triangle corresponds to the inert
case. The experimental measurement is shown as the dashed line.

are summarized here. Several inlet velocity profiles are compared (Figures SM-24–26),
including velocity profiles generated from FLUENT calculations of varying geometric
detail, and profiles of simple plug flows and fully developed pipe flows. A wide range of
pilot temperatures (2230–2330 K) is examined (Figures SM-27–29). The heat loss from
the coflow to the unreacted pilot stream is investigated by modeling the heat transfer in the
FLUENT calculations for the inlet profiles. Overall, the effect of all these inflow conditions
on the level of reaction downstream is small.

The model parameters are also investigated in the sensitivity studies. The value of Cω1

is varied between 0.65 and 0.75 (Figures SM-33–35). A wide range of values of Cφ (1–12)
is investigated with the base case EMST mixing model (Figures SM-36–41), in addition to
the modified Curl (MC) [26,27] and interaction-by-exchange-with-the-mean (IEM) [28,29]
mixing models (Figures SM-42–53). The influence of the chemical mechanism is studied
(Figures SM-54–59) with mechanisms ranging from a five-step reduced mechanism [25]
to the detailed GRI3.0 mechanism [30].

A wide range of coflow temperatures from 1200 K to 1500 K is investigated with
two different chemical mechanisms, namely ARM-1 from the base case, and the UCSD
mechanism [31]. Shown in Figure 4 is the mean fuel mass fraction at x/D = 45 on
the centerline, normalized by the fuel mass fraction in the jet. Though there is some
sensitivity to the reaction progress with the coflow temperature, no temperature in the
studied range can adequately predict the reaction progress. Also, there is little differ-
ence between both of these chemical mechanisms throughout this coflow temperature
range.

In conclusion, these sensitivity studies reveal that none of the investigated parame-
ters yields accurate calculations of the observed reaction progress in PM1-200; therefore,
diagnostic calculations are next performed to determine if the reaction rates are in fact
overpredicted.
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Figure 5. Radial profiles of Favre mean and rms mass fractions (Y ) and temperature (T ) in PM1-50
at x/D = 15 and x/D = 25. Open circles are measurements, lines are calculations for different
values of fR: solid (red), fR = 1, unperturbed; dashed (green), fR = 0.2, attenuated; dotted (blue),
fR = 0, inert.

4.3. Diagnostic tests on the chemical reaction timescale

Additional diagnostic calculations of PM1-50 and PM1-200 are performed in which all
chemical reaction rates are attenuated by a constant factor fR . Thus, fR = 1 corresponds
to no modification; fR = 0 corresponds to inert mixing; and the values fR = 0.1, 0.2, and
0.5 are also investigated. It is not suggested that the reaction mechanism has an uncertainty
of 10 (as implied by fR = 0.1). Instead, these calculations are performed as a way to shed
light on the observed discrepancies.

Scalar fields for PM1-50 are shown in Figure 5 for three values of fR at x/D = 15 and
x/D = 25. There are three principal observations from this figure. First, the base fR = 1
displays good agreement for mean and rms jet mixture fraction, and good agreement for
major species and temperature with the exception of the small region near the centerline.
Second, slowing down the chemistry by a factor of 5 (fR = 0.2) has minor consequences
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Figure 6. Radial profiles of Favre mean and rms mass fractions (Y ) and temperature (T ) in PM1-
200 at x/D = 30 and x/D = 45. Open circles are measurements, lines are calculations for different
values of fR: solid (red), fR = 1, unperturbed; dashed (green), fR = 0.2, attenuated; dotted (blue),
fR = 0, inert.

in this flame; the major species are not much changed, and only the minor species such as
CO show significant sensitivity to fR . Third, the inert case (fR = 0) clearly overpredicts
the amount of fuel and underpredicts the amount of products and the temperature down-
stream, and therefore this provides evidence that reaction levels are significant in PM1-50.
Comparison to the inert case also demonstrates the effect of the heat release from reaction
to the temperature field. In the unperturbed case, the temperature field can be around 500 K
greater than that of the inert case, suggesting that there is sizable impact of the reaction to
the temperature field.

Results for PM1-200 using the same three values of fR are presented at x/D = 30
and x/D = 45 in Figure 6. The base case demonstrates good predictions of mean and
rms mixture fractions, but drastically underpredicts fuel and overpredicts products and
temperature. Unlike PM1-50, PM1-200 is sensitive to the value of fR; there are significant
differences when the reaction rates are slowed by a factor of 5 (fR = 0.2). In this case,
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the fuel levels are still slightly underpredicted, but are improved from the base case.
Similarly, the product levels and temperature show improvement. The CO levels in the
slowed chemistry case show good agreement at this location. The inert case yields the best
predictions of mean and rms for major species and temperature at this location. Inevitably,
in the inert case, the CO levels are not predicted. A very important conclusion from this
diagnostic test is that the inert case provides strong evidence that the amount of reaction
occurring in PM1-200 is small, compared to both that in PM1-50 and that in the base case
calculations of PM1-200.

4.4. Analysis of finite-rate chemistry effects

4.4.1. Laminar flame calculations

The nature of the combustion in these flames is examined through the behavior of the minor
species CO and OH as functions of temperature. First, simpler laminar flames are analyzed
at conditions similar to those in the PPJB. Two primary laminar flames are considered:
an opposed flow flame of the jet and the pilot compositions and an opposed flow flame
of the jet and the coflow compositions. All of the following calculations are performed
using the commercial software CHEMKIN 4.1 with the 53-species GRI3.0 [30] chemical
mechanism. In the results presented, the mixture-averaged formulation is used for the
evaluation of transport properties and thermal diffusion is accounted for. The evaluation of
transport properties by the mixture-averaged formulation has been compared to that by the
full multicomponent formulation, and the difference has been found to be negligible at this
level of comparison.

In regions where the jet is heavily shielded by the pilot (i.e., near the inlet plane), the
influence of the coflow stream is small and the combustion is dominated by the pilot and
the jet. This region is analyzed by considering the opposed flow of two streams, denoted
A and B, with velocities vA and vB , separated by a distance d. The composition of stream
A is taken to be the jet composition, and the composition of stream B is taken to be the
pilot composition. The stream compositions are those of the pilot and jet, as indicated by
Table 1.

The imposed strain rate, a, is defined by a = (vA + vB)/(d × g), where g is a factor
determining relative timescales of the chemistry and the flow. A large number of calculations
spanning a broad range of values of a is presented in Figure 7, showing the primary quantity
of interest, the CO mole fraction, XCO versus temperature. In the cases of extremely high
strain rate, the chemical timescale is much slower than the flow timescale, and thus no
reaction takes place. The values of XCO in this case lie on the mixing line between streams
A and B. On the other extreme of very low strain rate, the jet mixture reacts with little or no
mixing, and mixing then proceeds between the two reacted compositions. The behavior in
between these extremes is non-trivial, and there exists a strain rate at which the peak XCO

is maximized over all strain rates. The reaction moves to higher T as a increases.
In regions where the presence of the pilot is insignificant (i.e., far downstream of the

inlet plane), the combustion is dominated by the coflow and the jet. This case is examined
by considering the opposed flow of two streams, A and B, where the composition of stream
A is taken to be the jet composition, and the composition of stream B is taken to be the
coflow composition. The stream compositions are those of the jet and the coflow from
Table 1.

The values of XCO versus temperature of the jet-coflow flames are shown in Figure 8
for a large range of imposed strain rates. In this case, the limit of high strain rates bring
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Figure 7. Mole fraction of CO versus temperature for laminar opposed flow flames of the jet and
pilot compositions. The imposed strain rate, a, for each calculation is indicated in the legend in units
of s−1.
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Figure 8. Mole fraction of CO versus temperature for laminar opposed flow flames of the jet and
coflow compositions. The imposed strain rate, a, for each calculation is indicated in the legend in
units of s−1, and the arrow indicates the direction of increasing a.
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Figure 9. The quantity max{T 	} as a function of imposed strain rate in laminar jet-coflow flames
for different chemical mechanisms. The quantity T 	(x) is defined as T 	(x) = T (x) − Tmix(x) where
Tmix(x) is the temperature in the case of inert mixing between the streams. The chemical mechanisms
are represented by the following symbols: squares are USC-mech-II; circles are GRI3.0; triangles are
DRM-22; asterisks are UCSD; plus signs are Correa.

the XCO to zero since there is no CO present initially in either stream. Unlike the pilot-jet
laminar flames, the peak XCO occurs near the limit of very low strain rate in the jet-coflow
flames.

In the PDF calculations, the overprediction of reaction progress is primarily confined to
the jet-coflow region. For this reason, the laminar jet-coflow flames are studied in greater
detail. The extinction behavior for these flames is shown in Figure 9 through the quantity
max{T 	}, where T 	(x) = T (x) − Tmix(x) and Tmix(x) is the temperature in the case of inert
mixing between the streams. Several chemical mechanisms are evaluated, including USC-
mech-II [32], GRI3.0 [30], DRM-22 [33], the UCSD mechanism [31], and a skeletal C1

mechanism used by Correa [34,35]. For all mechanisms, except possibly for that of Correa,
there is no sharp extinction.

This extinction behavior is consistent with that mentioned in [36]. For a flame of
premixed reactants against hot products, there is a critical temperature of the hot products
above which there is no sharp extinction. Instead of the usual S-shaped curve with a definite
extinction strain rate, the curve is monotonic and there is no definite extinction strain
rate.

It is noted that the only mechanism that is appreciably slower in the laminar flame
calculations is that of Correa. In the PDF sensitivity studies (Figures SM-54–59), this
mechanism yields slightly less fuel consumption; however, even for this mechanism the
reaction progress is largely overpredicted. Thus, the laminar jet-coflow flames do show a
variation with chemical mechanism that is consistent with what is observed in the PDF
calculation sensitivity studies. However, in order for the chemical mechanism to be the sole
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Figure 10. Mole fraction of CO versus temperature in PM1-50. Left plots, x/D = 7.5; right plots,
x/D = 25; top plots, experiments; bottom plots, PDF calculations (base case). Solid line is the
conditional mean, and other lines are laminar jet-pilot flames of imposed strain rate: dashed (blue),
a = 160 s−1; dotted (red), a = 1000 s−1. The arrow indicates the direction of increasing a.

cause of the discrepancy in reaction progress, the behavior of the corresponding jet-coflow
flames would most likely be radically different, with extinction strain rates even less than
that of the Correa mechanism.

4.4.2. Predictions of CO and OH in turbulent flames

A comparison is now made between the laminar flame calculations and the PDF calculations
in terms of the radicals CO and OH. Shown in Figure 10 are scatter plots of CO mole fraction,
XCO, versus temperature at two axial locations for PM1-50. The particles shown in these
figures are those whose radial location is between the centerline and the half-width based
on the mean jet mixture fraction. In the calculations at x/D = 7.5, the ensemble mean
coflow mixture fraction, 〈ξc〉, is very small, indicating that fluid originates primarily from
the jet and pilot. As in [12], it is observed that XCO conditioned on temperature, 〈XCO|T 〉,
resembles that in a laminar opposed flow flame of the jet and the pilot compositions. Such
a calculation with an imposed strain rate, a, of 1000 s−1 is found to match both measured
and calculated 〈XCO|T 〉 at x/D = 7.5.

The CO versus T behavior for both the calculations and the experiments of PM1-50
shares some common features with that in the stratified flames, particularly the flame fnh6,
studied in [37]. Here, in PM1-50, the lean (equivalence ratio of 0.5) methane–air jet interacts
with the stoichiometric methane–air pilot. The flame fnh6 consists of a stratification of
methane–air ranging in equivalence ratio from 0.37 to 1.10. In the CO versus T behavior
in both flames, there is an intermediate temperature range at which the CO mole fractions
peak. In fnh6, however, the peak CO mole fractions observed are generally larger, possibly
a result of the richer equivalence ratio conditions.

At x/D = 25 in PM1-50, 〈ξc〉 is still small at 0.1, and a laminar opposed flow flame
of the jet and pilot at a = 160 s−1 corresponds well with the observed 〈XCO|T 〉. The
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Figure 11. Mole fraction of CO versus temperature in PM1-200. Left plots, x/D = 15; right plots,
x/D = 45; top row, experiments; bottom rows, PDF calculations (middle row, base case; bottom
row, attenuated); Solid line is the conditional mean, and other lines are laminar jet-coflow flames
of imposed strain rate: dashed (blue), a = 30 s−1; dotted (red), a = 330 s−1; dashed-dotted (green),
a = 830 s−1. The arrow indicates the direction of increasing a.

decreasing strain rate in the laminar calculations is consistent with the idea that the scalar
dissipation rate of a conserved passive scalar is generally decreasing downstream in this
flame, considering the approximate proportionality between strain rate and scalar dissipation
rate. The agreement between the measurements, PDF calculations, and laminar calculations
suggests that the scalar dissipation rate implied by the mixing model may be reasonable in
the base case calculations of PM1-50.

Scatter plots of XCO versus temperature for PM1-200 are shown in Figure 11. In PM1-
200, the ensemble mean pilot mixture fraction is small (0.07 at x/D = 15 and yet smaller
at x/D = 45). This shows that the fluid is dominantly from the jet and coflow, and hence,
comparisons are made with laminar opposed flow flames of these two streams. Note that
here (PM1-200, Figure 11), the two relevant streams are the jet and the coflow; whereas for
PM1-50 (Figure 10), they are the jet and the pilot.

In general, the 〈XCO|T 〉 in PM1-200 (Figure 4) is lower than that in PM1-50 (Figure 3)
as a result of both the extent of the pilot stream influence and the difference in the scalar
dissipation rates between the two flames. Unlike PM1-50, PM1-200 contains few particles
above a temperature of 1500 K, providing further evidence of small pilot presence at these
locations.

The measured 〈XCO|T 〉 resembles that in a laminar flame at a = 330 s−1 at x/D = 15,
and a = 830 s−1 at x/D = 45. The base case PDF calculations overpredict 〈XCO|T 〉 by
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260 D.H. Rowinski and S.B. Pope

Figure 12. Scatter plots of CO mole fraction (top), OH mole fraction (middle), and the product
of CO and OH mole fractions (bottom) in flame PM1-50 versus temperature. Axial locations are
x/D = 7.5 (left two plots), x/D = 15 (middle two plots), and x/D = 25 (right two plots). For each
axial location, the left-hand plots are calculations and the right-hand plots are measurements. The
solid line indicates the conditional mean.

a factor of 2 compared to the measurements. The values of 〈XCO|T 〉 in the base case are
similar to those in a laminar flame of much lower strain rate, about 30 s−1, which may
suggest that the scalar dissipation rate implied by the mixing model is underpredicted in
the base case.

Figure 11 also shows the calculations with fR of 0.2. In these calculations, 〈XCO|T 〉
appears well predicted, particularly at x/D = 45. This artificial modification to the chemical
reaction timescale alters 〈XCO|T 〉 in a way different than any value of Cφ or mixing model
does (Figures SM-36–53). The values of 〈XCO|T 〉 measured and computed with fR = 0.2
are consistent with a laminar calculation of strain rate about 10 times greater than that in
the laminar calculation consistent with the base case. Because the scalar dissipation rate is
primarily controlled by the mixing model, these observations suggest that it is the mixing
models which perform inadequately at the conditions of PM1-200.

The product of CO and OH mole fractions, XCOXOH, serves as an indicator of a general
product formation rate as in [11, 12], assuming that most of the CO2 is formed from the
reaction CO+OH → CO2+H. In Figure 12, scatter plots of XCO, XOH, and XCOXOH are
shown from the base case calculations of PM1-50 and compared to the measurements. It
is observed as before that the XCO is generally well-predicted as a function of temperature
for this flame, and the trend in peak 〈XCO|T 〉 decreasing downstream is represented well
in the calculations. The calculations of XOH are slightly overpredicted compared to the
measurements; however, the trend in 〈XOH|T 〉 decreasing downstream is still captured in
the calculations. There is a large sensitivity of XOH to temperature at T = 1400 K, and
consequently, when the product XOHXCO is formed, there is a significant overprediction at
T = 1400 K.

The mole fraction product XCOXOH conditioned on a temperature of 1400 K is shown
in Figure 13 as a function of axial distance for both flames. This quantity is considered to be
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Figure 13. Product of CO and OH mole fraction conditioned on a temperature of 1400 K for the
two flames presented from this flame series. Filled squares are measurements, PDF calculations
of different values of fR are open symbols: circles (blue), fR = 1, unperturbed; diamonds (red),
fR = 0.5; triangles (green), fR = 0.2; upside-down triangles (magenta), fR = 0.1; stars (yellow),
fR = 0, inert. The arrows indicate the direction of increasing fR .

a comprehensive representation for this flame series in that the trend downstream reflects
the observed changes in luminosity.

The trend in PM1-50 is represented well with fR = 1, although the magnitude is largely
underpredicted as explained previously. In PM1-200, however, XCOXOH is overpredicted
by two orders of magnitude in the base case. It is important to consider that none of the
sensitivity studies with fR = 1 yield even the correct order of magnitude of this quantity.
The large sensitivity in PM1-200 to fR is shown in Figure 13, and XCOXOH is predicted
reasonably only when the chemistry is slowed by a factor of 5 or 10. Additionally, the
slowed cases provide the correct order of magnitude and axial location for the small region
of increased product formation observed near x/D of 60.

4.4.3. Quantification of reaction progress

In order to quantify and to compare the level of reaction progress in these flames, a reaction
index is introduced. The reaction index based on temperature, RT , is defined for each
particle, i, according to Ri

T = (T i − T i
mix)/(T i

eq − T i
mix) where T i is the temperature of

particle i, T i
mix is the temperature of an inert mixture at the mixture fractions of particle i,

and T i
eq is the equilibrium temperature of particle i. A reaction index of zero corresponds to

an unburnt particle, and a reaction index of unity corresponds to a particle at equilibrium.
It should be noted that this quantity is poorly defined when T i

eq = T i
mix, which occurs for

streams initially at equilibrium, for example, both the pilot and the coflow here. So when
this quantity is examined, only particles with sufficiently large jet mixture fractions are
considered.
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Figure 14. Reaction index based on temperature, RT , for particles in base case calculations of all
flames in this series. The mass-weighted mean conditioned on axial location is indicated by the solid
line, and the particle values are indicated by the light dots. Particles are conditioned on a jet mixture
fraction greater than half the mean jet mixture fraction on the centerline.

The particle values of RT are shown for the base case of all flames in this series in
Figure 14. The particles are conditioned on a jet mixture fraction, ξj , greater than half the
mean jet mixture fraction on the centerline, ξC

j . This conditioning has been compared to
conditioning on particles originating from the jet, and the results are similar at this level of
comparison. Figure 14 shows that for all four flame calculations, there is little difference in
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Figure 15. Reaction index based on temperature, RT , for particles in calculations of PM1-200 for
varying levels of Cφ , indicated in the top left corner of each plot. The mass-weighted mean conditioned
on axial location is indicated by the solid line, and the particle values are indicated by the light dots.
Particles are conditioned on a jet mixture fraction greater than half the mean jet mixture fraction on
the centerline.
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Figure 16. Reaction index based on temperature, RT , for particles in diagnostic test calculations of
PM1-200 for varying reaction rate attenuation factors, fR , indicated in the top left corner of each plot.
The mass-weighted mean conditioned on axial location is indicated by the solid line, and the particle
values are indicated by the light dots. Particles are conditioned on a jet mixture fraction greater than
half the mean jet mixture fraction on the centerline.

the evolution of reaction progress downstream, which is most likely incorrect based on the
experimental observations.

Figure 15 shows the same information for different values of the mixing model constant,
Cφ , in calculations of PM1-200. As summarized in the sensitivity studies, there is little sen-
sitivity to the mixing model constant. Since the reaction progress is generally determined
by the scalar dissipation rate, it can be inferred that the scalar dissipation rate is largely
uninfluenced by the mixing models and constants; this behavior is unlike several previ-
ous calculations of non-premixed flames [5], in which the mixing models and constants
significantly influence the scalar dissipation rate.

Lastly, Figure 16 shows RT from the diagnostic tests of PM1-200 in which the reaction
rates are attenuated. From these tests, a more likely level of reaction index can be determined
for this flame. Based on the previous comparisons, PM1-200 is better calculated with fR

of 0.1 or 0.2. Therefore it might be assumed that the reaction index for this flame is more
realistically near the levels of that determined for fR of 0.1 or 0.2, which is generally lower
by a factor of about 5 from the base case calculations.

5. Conclusions

Calculations of a challenging series of lean piloted premixed jet flames have been performed
using the PDF method. The following conclusions can be drawn from this study:

1. With the base case models and constants, the PDF method provides accurate calculations
of PM1-50 with the exception of an overprediction in reaction progress localized in a
small region near the centerline.

2. For PM1-200, with its increased jet velocity, the base case computations overpredict the
extent of reaction much more severely than in PM1-50.
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3. An extensive set of sensitivity studies on PM1-200 demonstrates that no set of models
or parameters is able to predict the correct extent of reaction. PM1-200 is shown to be
much more sensitive to the chemical reaction attenuation factor than is PM1-50. More
accurate calculations of PM1-200 are obtained only by artificially slowing the chemistry.

4. Thorough studies are performed to show that transport is calculated accurately, and
additional sensitivity studies show that the chemistry is insensitive to a wide variety of
chemical mechanisms. By process of elimination, the mixing models are identified as a
likely cause for the modeling deficiencies evident at these conditions.

5. The finite-rate chemistry effects are shown to be significant in this flame series. The
PDF method is reaffirmed as a useful tool for investigating these effects and is shown
to be computationally feasible for performing extensive sensitivity studies.

As in previous PDF calculations of premixed flames [10, 38], an aspect of the mixing
model called into question is the specification of the mechanical-to-scalar timescale ratio,
Cφ . These previous works have reported increased success with values of Cφ nearly an order
of magnitude larger than the typically used values (i.e., Cφ in the range of 6–12, compared
to typical values of Cφ in the range of 1.5–2.5). In the sensitivity studies of PM1-200, it is
learned that increasing Cφ does in fact decrease the overprediction in reaction progress (Fig-
ure SM-36-41). However, even a value of Cφ as large as 12 is unable to match the observed
reaction progress. Furthermore, increasing Cφ degrades the calculation of the mixture frac-
tion fields, and the mixture fraction fields are computed most accurately with Cφ in the
range of 1.5–2.0. The aforementioned previous works have also indicated increased success
when the mechanical-to-scalar timescale ratio is specified based on a model for the scalar
dissipation rate. This type of procedure has not yet been investigated in the PPJB flame
series. However, it should be noted that the PPJB flames are quite different from the afore-
mentioned premixed flames; for instance, the Damköhler numbers are significantly smaller
in the PPJB flames, and it is concluded in [10] that the influence of the chemical reaction
on the scalar dissipation rate is most considerable in the high Damköhler number limit.

The increase in jet velocity from 50 m/s in PM1-50 to 200 m/s in PM1-200 has several
effects: the flow timescales (and hence the Damköhler numbers) are reduced (by about a
factor of 4); the pilot provides less shielding in that it is fully entrained in a significantly
shorter distance; and (perhaps of least significance) the Reynolds number is increased by a
factor of 4. It is conjectured that the reduced shielding is the dominant effect. This could be
tested experimentally by increasing the pilot velocity to maintain the same ratio to the jet
velocity (as done in the Barlow–Frank flames [39]). Indeed a PDF calculation of PM1-50
with fR = 0.25 corresponds very closely to a calculation of PM1-200 with the pilot velocity
increased by a factor of 4; and it is evident that PM1-50 with fR = 0.2 (Figure 5) is very
different from PM1-200 (Figure 6).
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