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Abstract
In modelling turbulent combustion, it is desirable to know the sensitivities of the predictions to certain
parameters. Recently, a method for calculating particle-level sensitivities in PDF modelling of turbulent
combustion has been described by Ren and Pope [1]. In this work, we develop a methodology for the eﬃcient calculation of these particle-level sensitivities using in situ adaptive tabulation. In addition, PDF calculations with sensitivities of the Cabra H2/N2 jet ﬂame are performed to investigate the sensitivities of the
predictions to certain important parameters. The accuracy of the proposed methodology is demonstrated
by comparing its prediction of sensitivities with those obtained by divided diﬀerence. For the Cabra ﬂame,
the sensitivities conﬁrm that the predictions are extremely sensitive to the coﬂow temperature: the sensitivities to coﬂow temperature are about 10 times larger than those to chemistry, and about 100 times larger
than those to the mixing model constant. The particle-level sensitivities show that, at the ﬂame base, strong
chemical reactions start at in very fuel-lean region, which indicates that this region is important to the stabilization of the ﬂame. The sensitivities also indicate the physical regions where the eﬀects of diﬀerent
parameters are signiﬁcant. Further insights are obtained by investigating the compositions and the sensitivity vectors in the composition space. The most sensitive particles are found to lie close to a saddle-shaped
two-dimensional manifold, and the sensitivity vectors are generally tangential to the manifold. The singular
value decomposition of the sensitivity matrices reveals that there is only one signiﬁcant singular value and
hence there is a dominant direction of the response to a change in the sensitivity parameters considered.
Similarities in particle sensitivities are also illustrated. Similar PDF calculations (with sensitivities) of
the Barlow and Frank ﬂame F are reported in the Supplementary material.
Ó 2009 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
Keywords: Sensitivity analysis; In situ adaptive tabulation; Particle-level sensitivities; Local extinction/re-ignition; PDF
methods

1. Introduction
Modelling combustion phenomena requires
the knowledge of chemical kinetics, transport
properties, turbulence/combustion model parame*
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ters, etc. as input parameters, and produces predictions (such as species concentration proﬁles,
etc.) as the output, with the input and the output
being connected by the governing model equations. Often it is desirable to know how sensitive
the predictions are to certain parameters in the
model formulation. In the ﬁelds of chemical kinetics and laminar ﬂames, sensitivity analysis [2–4]
has been widely used to examine quantitatively
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the relationship between the parameters and the
output of the model. In contrast, sensitivity analysis in turbulent combustion calculations is less
well developed. For example, in the past, in modelling turbulent reactive ﬂows based on PDF
methods [5], somewhat crude global sensitivity
analyses have been performed by repeating a calculation with a single parameter changed by a
small amount. This divided diﬀerence technique
has been used to show the strong sensitivity of
some PDF calculations of turbulent ﬂames to
the temperature of a pilot stream [6,7], to a reaction rate [8], and to the mixing model constant
C / governing the rate of turbulent mixing [6,9–
11]. However, using divided diﬀerences in PDF
particle methods is costly and ineﬃcient, as the
statistical errors need to be reduced so as to be
small compared to the diﬀerences in the two
calculations.
Recently, Ren and Pope [1] developed a
method for the accurate calculation of sensitivities
in PDF modelling of turbulent combustion. It
enables the calculation of sensitivities (to model
parameters of interest) for each particle in the
PDF particle method. These particle-level sensitivities are revealing: they allow one to examine
the particles with the largest sensitivities, and the
corresponding compositions reveal the sensitive
regions in the composition and physical spaces.
Moreover, sensitivities of mean (and conditional
mean) quantities can be extracted by ensemble
averaging the particle sensitivities.
A signiﬁcant contribution of the present work
is the development of a methodology for the eﬃcient calculation of these particle-level sensitivities
via the in situ adaptive tabulation (ISAT) algorithm [12]. In addition, PDF calculations with
sensitivities of a lifted turbulent jet ﬂame issuing
into a vitiated co-ﬂow stream (referred to as the
Cabra ﬂame) [13] are performed to investigate
the sensitivities of the predictions to some important parameters.
The outline of the remainder of the paper is as
follows. In Section 2, the new methodology for the
calculation of sensitivities via ISAT in PDF particle methods is outlined. In Section 3, PDF calculations with sensitivities of the Cabra ﬂame are
described. Results are discussed in Section 4,
and conclusions are drawn in Section 5. PDF calculations with sensitivities have also been performed for the Barlow and Frank ﬂame F [14].
Because of space limitations, the description and
results of these calculations are relegated to the
Supplementary material.
2. Calculation of sensitivities in PDF particle
methods via ISAT
In this section, we ﬁrst brieﬂy outline the formulation for sensitivity calculations in PDF parti-

cle methods (full details are in [1]). Then we
elaborate on how ISAT is extended for the eﬃcient calculation of sensitivities.
2.1. Formulation
In a PDF calculation of a reactive ﬂow involving ns species, the modelled PDF transport equation is usually solved numerically by a
Lagrangian particle method, where the distribution of compositions is represented by an ensemble of particles. The composition /ðnÞ of the nth
particle consists of the ns species speciﬁc moles
and the sensible enthalpy, i.e., n/ ¼ ns þ 1 quantities. In the PDF calculation, the change in particle
composition due to reaction is treated exactly,
while molecular mixing is modelled by a mixing
model. In previous studies [15,11], the performance of diﬀerent mixing models [16–20] has been
examined: here the model used is the interaction
by exchange with the mean (IEM or LMSE)
model [16,17].
We consider a set a ¼ fa1 ; a2 ; . . . ; ana g of na
sensitivity parameters. These could be: the temperature or species concentrations of an inﬂowing
stream; the pre-exponential factor or the activation energy of a reaction; or the mixing model
ðnÞ
constant. In a fuller notation, /i ðt; aÞ denotes
the ith composition of the nth particle at time t
for a PDF calculation performed with the sensitivity parameters having the values a. The n/  na
sensitivity matrix WðnÞ ðt; aÞ (for the nth particle
at time t) is deﬁned by
ðnÞ

ðnÞ

W ij ðt; aÞ 

o/i ðt; aÞ
:
oaj

ð1Þ

In general, the evolution equation for /ðnÞ ðt; aÞ is
given by
ðnÞ

d/i ðt; aÞ
¼ S i ð/ðnÞ ðt; aÞ; aÞ þ C / M ðnÞ ðf/i ðt; aÞgÞ;
dt
ð2Þ
where S is the rate of change due to chemical reactions, C / is the mixing model constant, and M ðnÞ
denotes the eﬀect of the mixing model, which depends on the ensemble f/g of particle compositions. Diﬀerentiating Eq. (2) with respect to aj ,
we obtain the following evolution equation for
the sensitivities WðnÞ ðt; aÞ
ðnÞ

dW ij
ðnÞ
ðnÞ
ðnÞ
¼ J ik W kj þ V ij þ C / M ðnÞ ðfW ij gÞ
dt
oC / ðnÞ
þ
M ðf/i gÞ;
oaj

ð3Þ

where the summation convention applies, JðnÞ is
the n/  n/ Jacobian matrix J ij  oS i ð/; aÞ=o/j ,
and we deﬁne V ij  oS i ð/; aÞ=oaj (the matrices J
and V are accurately and eﬃciently evaluated
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using automatic diﬀerentiation, e.g., by using
ADIFOR [21]). In Eq. (3), the last two terms represent the eﬀect of the mixing on particle sensitivities, which depend on the ensemble f/g of
particle compositions and the ensemble {W} of
particle sensitivities, respectively. As discussed in
[1], the derivation of Eq. (3) from Eq. (2) neglects
the secondary eﬀects arising from the dependence
of density on the sensitivity parameters.
In the computational implementation, for the
nth particle, the sensitivity matrix WðnÞ is represented in addition to the composition /ðnÞ . The
particle properties /ðnÞ ðtÞ and WðnÞ ðtÞ then evolve
by Eqs. (2) and (3) with appropriate initial and
boundary conditions. For example, if aj is a model
parameter, then the appropriate boundary condition is W ij ¼ 0 for all i. If aj corresponds to /i on
the boundary considered, then the boundary conditions are W ij ¼ 1 for i ¼ j and W ij ¼ 0 for i–j.
As shown in [1], Eqs. (2) and (3) can be accurately solved using splitting schemes, where the
reaction terms and transport terms are separated
into diﬀerent sub-steps. In the transport sub-step,
the system solved is
ðnÞ

d/i
¼ C / M ðnÞ ðf/i gÞ;
dt
ðnÞ
dW ij
oC / ðnÞ
M ðf/i gÞ:
¼ C / M ðnÞ ðfW ij gÞ þ
dt
oaj

ð4Þ

If the mixing model constant C / is not included as
one of the sensitivity parameters, then oC / =oaj is
zero (for all j) and the last term in the sensitivity
equation is absent. For this case, the system is
solved simply by applying the mixing model to
each component of the particle composition and
the particle sensitivities over a time step. The legitimacy of this simple procedure stems from the linearity of the mixing operation. Otherwise, if C / is
one of the sensitivity parameters, the particle compositions and the particle sensitivities to other sensitivity parameters except C / are still obtained
simply by applying the mixing model to each component of them over a time step. A second-order
accurate solution to the sensitivities to C / can be
obtained based on a three-step procedure as
shown in [1].
During the reaction sub-step, the reaction
source terms are integrated, corresponding to the
equations (written in a simpliﬁed matrix notation,
omitting the particle index, n)
d/
¼Sð/Þ;
dt
dW
¼Jð/ÞW þ Vð/Þ:
dt

ð5Þ
ð6Þ

In [1], Eqs. (5) and (6) are integrated using the ODE
solver DDASAC [22]. This direct integration for
each particle on each time step is computationally
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ineﬃcient and costly. In this study, the eﬃcient
solution for Eqs. (5) and (6) is achieved via ISAT.
2.2. Eﬃcient solution to the reaction sub-step via
ISAT
In PDF calculations without sensitivities, the
governing equation for the reaction sub-step is
Eq. (5). Given the initial composition /0  /ðt0 Þ
at time t0 , the reaction mapping Rð/0 Þ 
/ðt0 þ DtÞ after a time step Dt can be eﬃciently
computed by the ISAT algorithm (recall that
Eq. (5) is autonomous: with a ﬁxed time step Dt,
Rð/0 Þ depends only on /0 ). That is, the composition Rð/0 Þ at the end of the time step is tabulated
as a function of the initial composition /0 . Table
entries are added as needed (for possible later use)
by using the ODE integrator DDASAC, to solve
Eq. (5) for Rð/0 Þ, in conjunction with the
equation
dAðtÞ
¼ Jð/ðtÞÞAðtÞ;
dt

ð7Þ

from the initial condition Aðt0 Þ ¼ I to obtain the
n/  n/ dimensional sensitivity matrix (with reb 0 Þ  Aðt0 þ
spect to the initial composition) Að/
DtÞ, which (as denoted) depends only on /0 (for
ﬁxed Dt) (note that A and W are completely diﬀerent sensitivity matrices: A is with respect to compositions /0 at the beginning of a time step; W
is with respect to the speciﬁed sensitivity parameb 0 Þ is also stored in the
ters, a). The matrix Að/
ISAT table and is used in the construction of a linear approximation for Rð/Þ. That is, for a given
query composition /q close to the tabulated point
/0 , a linear approximation to Rð/q Þ, denoted as
Rl ð/q Þ, is obtained as
b 0 Þð/q  /0 Þ:
Rl ð/q Þ  Rð/0 Þ þ Að/

ð8Þ

When ISAT is employed for both the composition
and sensitivity calculations, the following observations are made. The solution to Eq. (6), WðtÞ, can
be written as
WðtÞ ¼ WðtÞ þ AðtÞW0 ;

ð9Þ

0

where W  Wðt0 Þ is the initial condition, and
WðtÞ is the solution to Eq. (6) from the initial condition Wðt0 Þ ¼ 0. Note that, for given Dt, the solution Wðt0 þ DtÞ depends solely on the initial
Wð/0 Þ to
condition /0 , and hence we can deﬁne c
0
c
be this solution, i.e., Wð/ Þ ¼ Wðt0 þ DtÞ. Hence
the sensitivity matrix after a time step Dt is
Wðt0 þ DtÞ ¼ Wðt0 þ DtÞ þ Aðt0 þ DtÞW0
b 0 ÞW0 :
¼c
Wð/0 Þ þ Að/

ð10Þ

The basis of the current implementation is to use
ISAT to tabulate c
Wð/0 Þ (in addition to Rð/0 Þ
b 0 Þ) so that Wðt0 þ DtÞ can be eﬃciently
and Að/
evaluated by Eq. (10), thus avoiding the expensive
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integration of Eq. (6). As now explained, only part
of c
Wð/0 Þ needs to be tabulated.
The sensitivity parameters a can be partitioned
into two groups fa1 ; a2 g, having na1 and na2 components, respectively. By deﬁnition, the parameters in
group a1 do not aﬀect the reaction source term (i.e.,
V ij ¼ oS i =oaj ¼ 0), and may correspond to boundary conditions or the mixing model constant;
whereas the parameters in group a2 are pre-exponential factors (or other parameters) in reaction
rates. Correspondingly, the sensitivity matrix W
can be partitioned as fW1 ; W2 g with W1 and W2
being the sensitivities to the parameters in group
a1 and a2 , respectively. For parameters in group
W 1 ð/0 Þ ¼ 0 (since
a1 , one has the trivial solution c
V1 ¼ 0) and the corresponding sensitivities after
the reaction sub-step are simply W1 ðt0 þ
b 0 ÞW0 . Only for parameters in group a2 ,
DtÞ ¼ Að/
1
do the corresponding components of Eq. (6) need
to be integrated to obtain c
W 2 ð/0 Þ. Then the sensitivities after reaction are obtained using Eq. (10),
b 0 ÞW0 .
W 2 ð/0 Þþ Að/
i.e., W2 ðt0 þ DtÞ ¼ c
2
When an entry is added to the ISAT table, in
b
addition to /, Rð/Þ and Að/Þ,
the non-trivial
c
W 2 ð/Þ is also computed using DDASAC and
stored in the table. For a new query point, if the
composition /q is close to a tabulated point /, a
linear approximation to Rð/q Þ is obtained via
Eq. (8). Moreover, constant approximations to
b qÞ 
b q Þ and c
W 2 ð/q Þ are obtained as Að/
Að/
q
b
c
c
Að/Þ and W 2 ð/ Þ  W 2 ð/Þ. Then the sensitivities
after reaction for the query point are obtained
using Eq. (10) (with c
W 1 ¼ 0).
In this study, the most recent ISAT implementation, ISAT5 [23] has been extended to enable
sensitivity calculations. In the implementation,
ISAT explicitly controls the approximation errors
in compositions by a user speciﬁed error tolerance, whereas for the sensitivities, there is no
explicit error control. By performing an accuracy
study, we ﬁnd that the error control in compositions is suﬃcient to guarantee the accuracy of
the sensitivities.
2.3. Computational considerations
In PDF particle computations with sensitivities, for each particle the sensitivity matrix W is
represented in addition to the composition, which
results in an increase in particle storage requirements of a factor of na . However, as far as the
storage for ISAT is concerned, the only additional
quantity that needs to be stored for each table
entry is the n/  na2 matrix c
W 2 (recall that each
table entry already involves the storage of several
n/  n/ matrices). If the sensitivity parameters
consist entirely of group 1 parameters (i.e., ones
of which the reaction rate is independent, such
as boundary conditions and the mixing model
constant), then there is no additional storage
requirement for ISAT.

The additional computational work caused by
the sensitivity calculations lies mainly in the mixing and reaction sub-steps. Mixing must be performed for the sensitivities as well as for the
compositions. In the reaction sub-step, when adding new entries to the ISAT table, in addition to
Rð/Þ, one needs to compute c
W 2 ð/Þ; when retrieving from the ISAT table, the additional work is
the matrix–matrix multiplication AW, which
requires of order na n2/ operations—at most a factor na more than already required by ISAT for the
linear approximation to Rð/Þ.
3. PDF calculations of the Cabra ﬂame with
sensitivities
This study, for the ﬁrst time, investigates the
sensitivities (including the particle-level sensitivities) in the PDF calculations of turbulent ﬂames.
The ﬂame considered is the Cabra H2/N2 jet ﬂame
[13], which is a turbulent jet ﬂame of H2/N2 issuing into a wide co-ﬂow of lean combustion products and is designed to simulate conditions, albeit
with simple ﬂows, that are encountered in gas turbine combustors and furnaces where there is a
recirculation of hot combustion products. Measurement shows that the liftoﬀ height of this ﬂame
is very sensitive to the coﬂow temperature T c , such
that a decrease of 10 K in T c can double the liftoﬀ
height. Comprehensive PDF model investigations
of this ﬂame, such as the issues of autoignition
and ﬂame stabilization as well as detailed comparison between numerical calculations and measurement, have been performed in [7,8,13,25,26]. In
previous PDF calculations [7,8,13,25], crude sensitivities to the coﬂow temperature T c , mixing
model constant C / , as well as chemistry are
obtained by repeating the calculation with a single
parameter changed by a small amount.
The emphasis of this study is to investigate the
sensitivities of the calculations to model parameters of interest and to gain new insights into the
physical processes of the ﬂame by interrogating
the particle sensitivities. The PDF calculations
are performed using the code HYB2D [27], which
implements a hybrid ﬁnite-volume/particle algorithm and has been used in previous calculations
such as [11,24,26]. Here, the HYB2D code has
been extended to accommodate the sensitivity calculation (together with the extended ISAT
algorithm).
In the PDF calculations, the Li mechanism [28]
is employed with the ISAT error tolerance
etol ¼ 6:25  106 ; the IEM mixing model is considered with C / ¼ 1:5; and radiative heat loss is
neglected. The other details of the calculations
are identical to those in [7,26]. By employing the
method described in Section 2, here we compute
the particle-level sensitivities to the mixing model
constant C / , the coﬂow temperature T c , and the
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pre-exponential factors fa1 ; a2 ; a3 g of the three
chain
reactions:
R1 : O2 þ H () OH þ O;
R2 : H2 þ O () OH þ H; R3 : H2 þ OH () H2
O þ H, respectively, i.e., a ¼ fC / ; T c ; a1 ; a2 ; a3 g.
To save computational time, a PDF calculation without sensitivities is ﬁrst carried out until
the statistically stationary state has been reached.
Then the calculation with sensitivities is performed restarting from this computed statistically
stationary state. The sensitivity calculation has no
eﬀect on the computed compositions or velocities,
and so the statistically stationary state for these
quantities is maintained.

4. Results
In this section, we investigate the sensitivities
in the PDF calculations of the Cabra ﬂame in
terms of the dimensional semi-logarithmic
sensitivities
ðnÞ

o/i ðt; aÞ
ðnÞ
e ðnÞ
W
¼ aðjÞ W ij ðt; aÞ;
ij ðt; aÞ 
o ln aj

ð11Þ

where bracketed suﬃxes are excluded from the
summation convention.
4.1. Mean sensitivities
In physical space (normalized by the jet diameter D), Fig. 1 shows the contour plots of the
mean speciﬁc moles of OH and its semi-logarithmic sensitivities to C / , a1 and T c (the radical
OH is used as the ﬂame marker in previous studies
[7,8,13,25]). The results are obtained by time aver-
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aging overs 5000 time steps after the sensitivity
calculations have reached a statistically stationary
state. The sensitivities to a2 and a3 are qualitatively similar to the sensitivities to a1 , but smaller
in magnitude (see Fig. S1 in the Supplementary
material). Several important observations are as
follows.
As revealed by the the sensitivities, the most
sensitive parameter for this ﬂame is the coﬂow
temperature T c . The calculation is extremely sensitive to T c with the normalized sensitivity
(o ln ~zOH =o ln T c ) being of order 100. The sensitivity to T c is about 10 times larger than the sensitivity to a1 , and about 100 times larger than that to
C / . For the mean of the species OH, the maximum sensitivity to a1 and T c occurs around the
axial location x=D ¼ 9  10 and radial location
r=D  1, whereas the maximum sensitivity to C /
occurs around x=D ¼ 11:5  14:5 and r=D  1.
The sensitivities also indicate the physical
region where the eﬀects of diﬀerent parameters
are signiﬁcant. For the mean of the species OH,
the sensitivities to a1 and to T c are qualitatively
similar in terms of their distribution in physical
space, and the eﬀect of a1 and T c are signiﬁcant
only in the range 7 < x=D < 15. The sensitivities
to a1 and to T c are diﬀerent from the sensitivities
to C / , particularly further downstream, away
from the ﬂame base. Away from the ﬂame base,
the ﬂame is mixing controlled, and it is sensitive
to the mixing model constant, but not to chemistry and the coﬂow temperature. Also the region of
negative sensitivity for a1 and T c is diﬀerent from
that for C / .
Similar observation can also be made for other
species such as H2O (see Fig. S2).

Fig. 1. In physical space, contour plots of the mean speciﬁc moles of OH and its semi-logarithmic sensitivities to the
mixing model constant C / , the pre-exponential factor a1 , and the coﬂow temperature T c (note that in the four plots the
upper limits of the color scales are approximately 5  105 , 5  105 , 5  104 and 5 103 , respectively).
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Fig. 2. At the radial location r=D ¼ 1:094, ﬁgure showing (a) axial proﬁles of ~zH2 O for three co-ﬂow temperatures; (b)
axial proﬁles of ~zOH ; (c) solid line: proﬁle of the mean sensitivity o~zH2 O =o ln T c (extracted from particle sensitivities) with
T c ¼ 1038 K, solid dot: the mean sensitivity obtained by divided diﬀerence (see Section 4.2) for 10:4 < x=D < 13:2; (d)
solid line: proﬁle of the mean sensitivity o~zOH =o ln T c (extracted from particle sensitivities) with T c ¼ 1038 K, solid dot:
the mean sensitivity obtained by divided diﬀerence for 9:8 < x=D < 12.

4.2. Accuracy
As a check on accuracy, we compare the mean
sensitivities obtained by the present method with
those obtained by repeating the calculation with
a single parameter changed by a small amount.
Speciﬁcally, the sensitivities to the coﬂow temperature T c are compared.
Figure 2a and b show axial proﬁles of the mean
species ~zH2 O and ~zOH at the radial location
r=D ¼ 1:094 (i.e., r = 5 mm) from the PDF calculations with three diﬀerent coﬂow temperatures.
As shown, with 12 K decrease in T c (from
1045 K to 1033 K), the location x of ~zH2 O ¼
4  103 kmol/kg shifts from about x =D ¼ 8 to
x =D ¼ 14. Notice that in the region where
3:8  103 < ~zH2 O < 4:6  103 , the slopes of the
H2O proﬁles (with diﬀerent coﬂow temperatures)
do not vary signiﬁcantly; and neither do the OH
proﬁles in the region where 2  105 < ~zOH <
4  105 .
Figure 2c and d show the axial proﬁles of the
mean sensitivities (extracted from particle sensitivities) o~zH2 O =o ln T c and o~zOH =o ln T c with
T c ¼ 1038 K. Also shown are the results from
the divided diﬀerence approximation, which computes the mean sensitivities in the region

3:8  103 < ~zH2 O < 4:6  103 (corresponding to
10:4 < x=D < 13:2 for T c ¼ 1038 K) and
2  105 < ~zOH < 4  105 (corresponding to
9:8 < x=D < 12 for T c ¼ 1038 K). In these
regions, the sensitivity of a mean species ~zi to T c
can be obtained as
d~zi
d~zi dðx =DÞ
¼
;
ð12Þ
dT c dðx=DÞ dT c
where x =D is the axial location of this value of ~zi .
The dðx =DÞ=dT c term can be obtained via divided
diﬀerence. Here, for H2 O, dðx =DÞ=dT c is obtained using ~zH2 O ¼ 4:2  103 on the proﬁles of
T c ¼ 1033 K and T c ¼ 1045 K; for OH,
dðx =DÞ=dT c is obtained using ~zOH ¼ 3  105 on
the proﬁles of T c ¼ 1033 K and T c ¼ 1045 K.
The term d~zi =dðx=DÞ is the slope of the proﬁles
at ~zi . Here, d~zH2 O =dðx=DÞ is evaluated at
~zH2 O ¼ 4:2  103 on the proﬁle of T c ¼ 1038 K;
d~zOH =dðx=DÞ is evaluated at ~zOH ¼ 3  105 on
the proﬁle of T c ¼ 1038 K.
As may be seen, in the region 10:4 < x=D <
13:2 for H2O and 9:8 < x=D < 12 for OH, the
mean sensitivities (extracted from particle sensitivities) are close to a constant. The general agreement between the computed sensitivities and
those estimated by divided diﬀerences provides
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reassurance about the correctness of the implementation of the current method. It also suggests
that in this case there is at most a small impact of
the neglect of the secondary eﬀects due to changes
in density resulting from changes in the sensitivity
parameters.
4.3. Particle sensitivities in the region of the ﬂame
base
Substantial eﬀorts have been made to understand the stabilization mechanism of this ﬂame.
By considering some numerical indicators (developed to distinguish between of ﬂame stabilization
by auto-ignition as opposed to stabilization through
partially premixed ﬂame propagation), Gordon
et al. [25] conclude that the Cabra ﬂame is stabilized
by the autoignition process. Also, Wang and Pope
[26] recently shed new insights on this autoignition
process through analyzing Lagrangian time series
of particle properties from PDF calculations.
Here, we investigate this physical process by
interrogating the particle sensitivities in the base
region of the ﬂame, which is taken to be
6 6 x=D 6 10 and 0 < r=D < 2. The N (with
N ¼ 1200) particles from this region with the largest sensitivities to a1 (i.e., to chemistry) are examined in diﬀerent spaces. (Large sensitivities to a1
imply strong chemical reactions.) Speciﬁcally, we
study the sensitivities in the x=D-n and T-n spaces,
where n is mixture fraction and T is temperature.
Figure 3 shows the scatter plots of particle sensitivities with respect to the pre-exponential factor
a1 for species OH. (The scatter plots of particle
sensitivities with respect to T c [see Fig. S3] are
qualitatively similar.) As shown in the x=D  n

1635

plot, Fig. 3a, at the ﬂame base, the mixture fraction of the ﬁrst particle with large sensitivity is
extremely small (about 0.05). (Recall the stoichiometric mixture fraction is 0.47 for this ﬂame.)
This implies that at the ﬂame base, strong chemical reactions start at the very fuel-lean region.
These ignition spots at the very fuel-lean region
are signiﬁcant for the ﬂame stabilization. This is
consistent with the ﬁndings in [26] that along the
mixing line between the fuel composition and
coﬂow composition, the shortest ignition delay
times occur at the very fuel-lean region. For further downstream locations, large sensitivities
propagate toward larger mixture fractions.
Through the whole ﬂame base region, for OH,
the largest sensitivities are conﬁned to the fuellean side, in the range 0:05 < n < 0:4. Similar
observation can be made for H2O (see Fig. S4).
Further insights are obtained by investigating
~ a1 in the composithe sensitivity vector such as w
~ a1 denotes
tion space (as the name indicates, w
the sensitivity of / with respect to the pre-exponential factor a1 ). As may be seen from Fig. 4,
~ a1 appear to be in (or very
the sensitivity vectors w
close to) the tangent plane of a saddle-shaped
manifold. To explain this ﬁgure: a principle component analysis is performed of the N species vectors z; these vectors are then transformed into the
principle axes; and the dots in the ﬁgure are a scatter plot of the ﬁrst three principle components. As
may be seen, the dots lie close to a saddle-shaped
two-dimensional manifold. Attached to each dot
~ a1 , and these
is a line segment in the direction of w
generally are tangential to the manifold. Further
~ a2 , w
~ a3 and w
~ T c are in the same
study shows that w
~ C/ may not be aligned
~ a1 , whereas w
direction as w
~ a1 (see Fig. S5).
with w
More insights are obtained from the singular
value decomposition (SVD) of the sensitivity
~ viz., W
~ ¼ URPT , where U and P are
matrices W,
orthogonal matrices, and R is the diagonal matrix
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Fig. 3. Figure showing the scatter plot of the 1200
particles (with the largest sensitivities ozOH =olna1 , in
magnitude) from the ﬂame base in n-x space and n-T
space, respectively. The dots are colored by ozOH =olna1 .
The dashed lines in the lower plot are the equilibrium
line and the mixing line.
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Fig. 4. In the subspace spanned by the ﬁrst three
principle axes, ﬁgure showing the scatter plot of the 1200
particles (with the largest sensitivities ozOH =olna1 , in
magnitude) from the ﬂame base. Attached to each dot is
a line segment in the direction of the sensitivity oz=olna1 .
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of the singular values r1 P r2 P    P rna P 0.
~ for the N ¼ 1200 most sensiFrom the SVD of W
tive particles, a striking observation is that there is
only one signiﬁcant singular value: the average
and maximum values of r2 =r1 are 6:4  104
and 0.032; and, if C / is omitted from the sensitivities, these ratios decrease to 4:2  105 and
9:8  104 .
Since only the ﬁrst singular value is signiﬁcant,
the change d/ resulting from the inﬁnitesimal
change d ln a can be written
~ ln a ¼ ur1 pT d ln a;
d/ ¼ Wd

ð13Þ

where the unit vectors u and p are the ﬁrst columns of U and P, respectively. Thus, in composition space, u is the direction of the response to a
change in the parameters. The components uj
indicate the relative change in /j to ln a. The four
largest components of u (in magnitude) correspond to H2, O2, H2O and H. The components
pj indicate the relative sensitivities of / to ln aj .
The components of p corresponding to T c , a1 , a2
and a3 vary little (in logarithmic scale) from particle to particles, with their values being 0.99, 0.11,
0.02, and 0.03 respectively. The component of p
corresponding to C / exhibits more variation, with
its minimum and maximum values (over the N
samples) being 6  105 and 3  102 . More details are in Fig. S6.
Another consequence of only the ﬁrst singular
value being signiﬁcant is the observed similarities
in particle sensitivities. The ﬁrst type of similarity
is local similarity, where the ratio of the sensitivities of two variables with respect to the same
parameter is equal (for any parameter of a1 , a2 ,
a3 , or T c ). The second type of similarity is global
similarity, where the ratio of the sensitivities of
any variable with respect to any two parameters
(of a1 , a2 , a3 , or T c ) is equal. These similarities
are illustrated in Fig. S7.
5. Conclusion
In this work, the eﬃcient calculation of particle-level sensitivities in PDF modelling of turbulent combustion is achieved using in situ
adaptive tabulation [12]. For the ﬁrst time, PDF
calculations of turbulent ﬂames with particle sensitivities are performed to investigate the sensitivities of the predictions to model parameters of
interest.
For the Cabra H2/N2 jet ﬂame considered, as
revealed by the the mean sensitivities, the calculations are extremely sensitive to the coﬂow temperature. The sensitivities to coﬂow temperature are
about 10 times larger than those to chemistry,
and 100 times larger than those to the mixing
model constant. Moreover, the sensitivities to
chemistry and coﬂow temperature are shown to

be qualitatively similar, but diﬀerent from those
to the mixing model constant. The sensitivity calculations also indicate the physical region where
the eﬀect of diﬀerent parameters is signiﬁcant.
For the mean of the species OH, the eﬀect of
chemistry and coﬂow temperature persist only at
the base of the ﬂame, and it is insensitive to chemistry and the coﬂow temperature further downstream. The particle-level sensitivities of the
Cabra ﬂame shows that at the ﬂame base, strong
chemical reactions start at the very fuel-lean
region, which indicates the very fuel-lean region
is important for the ﬂame stabilization.
Further insights are obtained by investigating
the compositions and the sensitivity vectors in
the composition space. As demonstrated, the most
sensitive particles lie close to a saddle-shaped twodimensional manifold and the sensitivity vectors
(of parameters a1 , a2 , a3 , and T c ) are generally
tangential to the manifold. The singular value
decomposition of the sensitivity matrices reveals
that there is only one signiﬁcant singular value
and hence there is a dominant direction of the
response to a change in the sensitivity parameters
considered. Similarities in particle sensitivities are
also illustrated.
Similar PDF calculations (with sensitivities) of
the Barlow and Frank ﬂame F are reported in the
Supplementary material.
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