Consistent modeling of scalars in turbulent flows
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Conserved, passive scalars with equal diffusivities evolve independently according to the same
linear transport equation. This observation leads to independence and linearity principles that
impose constraints on the construction of consistent turbulence closure approximations. It is
shown that the functional form of the scalar dissipation equation is more restrictive than has
generally been assumed, and that the consistently modeled equation leads to qualitatively
incorrect results for the decay of scalar fluctuations. It is also shown that the scalar-pressure-
gradient correlation can be obtained from the velocity-pressure-gradient correlation, and thus an
independent model for the scalar correlation is not required. (This last result depends upon an
additional assumption that is certainly valid for nearly homogeneous flows.)

1. INTRODUCTION

The development of turbulence models'? has been aid-
ed by the principle of invariance,> which ensures the consis-
tency of the model equations. A model that violates this prin-
ciple erroneously produces different results in different
coordinate systems. In this paper an analogous principle is
developed for conserved passive scalars in turbulent flows.

In order to illustrate this principle, consider the flow of
a coaxial jet into a surrounding fluid. The inner and outer
jets carry conserved passive scalars (with equal diffusivities)
denoted by ¢, and ¢,. Turbulence model equations are avail-
able™* to calculate statistics such as {&,), (8,), (3%,
(652, {¢:d}), over the flow field. (Angled brackets and
primes denote means and fluctuations, respectively.) The
quantity

$i=¢,+ ¢, (1)
is also a conserved passive scalar. The variance {4 ;*) can be
calculated in two ways: directly, through the turbulence
model equation for (¢ ;%); or indirectly through the model
equations for (¢ %), (¢ ;%) and (¢ ;¢ ;) and the relation

(57 =(87) +(85°) +2(¢143), (2)

which follows simply from Eq. (1). Do the direct and indirect
methods yield the same result? Only if the model equations
are consistent with the principle developed here.

II. LINEARITY AND INDEPENDENCE

We consider a set of o{o>2) conserved passive scalars
denoted by & = ¢,, &,,...,4,,. Each scalar satisfies the trans-
port equation

a a >

(o2 +rUt 5T =160 =0

a=1,.2,..,0, (3)
where p is the constant density, U(x,? ) is the velocity of the
turbulent flow field, and I is the diffusivity—the same for
each scalar. We assume the velocity to be known and differ-
ent boundary and initial conditions to be applied to each
scalar. Then the evolution of the scalars is uniquely deter-
mined by Eq. (3).
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Since, by assumption, the scalars are passive, they affect
either the density, the diffusivity, or the velocity. Thus the
value of ¢,, (x,t ) is unaffected by the values of ¢4 (5 #a) any-
where in the flow field. This is the independence principle.

Let C,; be the components of a nonsingular but other-
wise arbitrary o X o constant matrix. A different set of ¢
scalars d* =@ ¥, 0 ¥....,¢ ¥ is defined by the linear transfor-
mation

¢ % = Copdp, (4)
where, here and below, summation is implied over repeated
suffices. With C ;' being the components of the inverse of C,
the original scalars can be recovered by

¢a = C ;B l¢ E * (5)
Transformation rules for statistical quantities are readily ob-
tained from Eq. (4). With angled brackets indicating a mean
quantity, the velocity and scalar fluctuations are

uizUi“‘(Ui>, {6)
and
. =6¢, —(da) 7
The scalar variance (and covariance) (¢ ., ¢ ;) transforms by
(p2o%)=C,Ch, (e 1), (8)
the scalar flux (¢ ,u;) by
<¢:'ui> = Cay<¢;ui>’ (9)
and the scalar dissipation €
3. dd
6(155—25(—?— _¢_ﬁ>, (10)
p \dx; OJx
transforms by
€%y = Cy Cpn€pr- (11)

The transformed scalars ¢* satisfy the same transport
equation as the scalars ¢, since multiplying Eq. (3) by Cg,, we
obtain

Cpal(@s) =L(Cpada)=LI%) =0 (12)

[This result depends, of course, on the fact that Eq. (3) is
linear in ¢_,.] As a consequence of this linearity, the trans-
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port equations for statistical quantities also obey the same
transformation rules. For example, it follows from Eq. {9)
and from the linearity of the operator

- d ad F
LE(,}5 +p(U) o= T 3x.), (13)

that the scalar flux equation transforms by
L((¢2u))=L(Crulpru)=CpL({d u)) (14)

The modeled scalar-flux equation can be written

L({pou))=F .([d]) (15)

where # ;([$]) denotes a function of correlations of  {such
as (¢ .u;), 3 {¢,)/0x;, etc.). Since the modeling applies to
any set of conserved passive scalars, for the transformed sca-
lar flux equation we have

L{p3¥u)) =5 ,([6*]), (16)
where ¥ is the same function in Egs. (15) and (16). From
Egs. (14)-(16) we obtain

L(p3u)) = F ull6*])
= CoL{($ou)) = CraF o8] (17)

that is,
y?’i([d)*]):Cya‘/o‘—ai([d)])' (18)

Since C is an arbitrary matrix, Eq. (18) imposes strin-
gent conditions on the form of the function % and on the
admissible correlations []. Specifically, . must be linear
function of correlations (denoted by ¢,,;) that transform as

q;‘: = Cyaqai' (19)

The quantities (¢ . u,) and 3(d,, ) /Ix; satisfy this condition;
so also do less likely quantities such as

8 =(babp) €g (b u), (20}
where (¢ . ¢ ;) ' are the components of the inverse of the
covariance matrix. However, quantities such as g,, which
involve summation over all the scalars [the suffices fand y in
Eqg. (20)] violate the independence principle. That is, the in-
clusion of a quantity such as g,; in the scalar flux equation
incorrectly implies that (¢ ., ;) is affected by the other sca-
lars ¢, B #a.

A generalization of these considerations leads to the
simple conclusion that scalar equations should be homogen-
eous (i.e., the same suffices should appear in each term, in-
cluding any repeated suffices). This result can be used to
guide the modeling of the equation for any scalar quantity—
the scalar flux, the scalar variance, the scalar dissipation, or
the scalar probability density function, for example. While
this principle may appear to be obvious, its applications
leads to two new and useful results.

ill. SCALAR DISSIPATION

In order to demonstrate the implications of the inde-
pendence and linearity principles for the scalar dissipation
equation, it is sufficient to consider statistically homogen-
eous scalars (without mean gradients) in homogeneous iso-
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tropic turbulence. Then the scalar dissipation equation is'?
de g
o

where the source term S,z is our concern here. In a second-
order closure, S,z can be modeled as the function 5,4,

(21)

Sas = sap({B 18 1 ):€,m: (27D EV), (22)
where {g*) is twice the turbulence kinetic energy
(@) = (uu,), (23)

€ is the rate of dissipation }{¢*), and, for simplicity, the kine-
matic viscosity v is assumed to be equal to I” /p. By dimen-
sional analysis and by invoking the linearity and indepen-
dence principles, we can readily show that the most general
expression for S, is

€ € \?
Sio = —arStes + 20 ) GL85) 04
AT TP ?
where a, and a, are scalar functions of the Reynolds number
R,=((g*))*/(9ev). (25)

In order to study the yet simpler case of a single scalar
variance we adopt the notation of Newman, Launder, and
Lumley>:

() ={¢ 191), €= 1€y, (26)

Then, the most general form of the equation for €, is

de, €€, € VN, ,
dt @ * a2< (qz)) . )
It may be noted that the term

a;e2/{c?),
which has previously been suggested,’ is inadmissible.

The form of Eq. (27) and the inadmissibility of the term
in a; uncovers a serious problem with the scalar dissipation
equation. The behavior of the scalar dissipation is best stu-
died in terms of the nondimensional time scale ratio

e/

€/{q*)
Spalding* suggested that » be taken as a universal constant
(r = 2.0) and hence the need for an equation for €, is obviat-
ed. But the data of Lin and Lin® and those of Warhaft and
Lumley’ show that even in grid turbulence the time scale
ratio is not a universal constant. Depending upon the initial
conditions, values of  are observed in the range 0.6<r<2.4.
Furthermore, it is found that the value of 7 remains constant
as the turbulence decays, rather than relaxing to an equilibri-
um value. A major aim of the work of Newman ez al.” was to
construct a modeled equation which (in accord with these
observations) predicts that » remains constant during decay.

For the consistently modeled equation for €, [Eq. (27)],

and with the dissipation € evolving by

(28)

de  —a,e

“ _ , 29

) )
the evolution equation for 7 is

It =a,—ag+ 27, (30)

dr
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FIG. 1. Rate of change of r: 7 vs r, Eq. {30).

where as=2+a,—a, and 7 is the normalized time
dr = e€dt /{q*). The experimental observation that r re-
mains constant suggests that /) should be zero—or very
small—but, because of the quadratic term, Eq. (30) does not
allow this. Figure 1 shows a plot of /{r) against r for the values
a,=4.630 and as = 6.852. Being quadratic, #r) has two
roots r, and r,, . If the initial value of ris in the range 0<r < r,
then as time proceeds r tends towards the equilibrium value
r,. But if the initial value of r exceeds r,, then r becomes
infinite in finite time. Initial vaiues of  are observed in the
range 0.6<r<2.4. The constants a, and a; were selected by
choosing r, = 2.5 (so that, for all observed flows, r does not
become infinite) and by minimizing the maximum absolute
values of #r) in the range 0.6<r<2.4. This procedure yields
the values of @, and a5 given above and

r. =0.9260, (31)
|Hr)|<HO.6) = — H1.713) = 1.239. (32)

The behavior of the scalar dissipation equation Eq. {27)
as reflected in the evolution of » Eq. (30) is unsatisfactory.
First, the existence in the model of a critical value r, (above
which r becomes infinite in finite time) makes it doubtful that
the model equations have physically realizable solutions for
all realizable initial conditions. Second, in the range of exist-
ing experimental data 0.6<r<2.4, the value of | 7| is of order
one, whereas the data suggest that it is smaller by at least an
order of magnitude.

It has been shown, then, that a consistent model of the
scalar dissipation equation cannot reproduce the experimen-
tal observation that r remains constant during decay. This
does not mean that the observations defy theoretical expla-
nation. Rather, the conclusion to be drawn is that the repre-
sentation of the turbulence by only four quantities ({(¢*), €,
{c”) and €,) is inadequate. A fuller representation—perhaps
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in terms of spectra—is needed to determine the correct evo-
lution of {c?), €, and hence r.

IV. SCALAR-PRESSURE-GRADIENT CORRELATION

The transport equation for the scalar flux (¢, u,) con-
tains, as an unknown to be modeled, the scalar-pressure-
gradient correlation (¢ |, dp/dx, ), where p is the fluctuating
pressure. This correlation is generally modeled as a function
of (¢ /u;), (u,u;),d(U;)/0x,, and € (see Refs. 8-10); and, in
accord with the linearity and independence principle, it is
generally modeled correctly as a linear function of (¢ u;,).

More information about the term is obtained by consid-
ering the modeling of the equivalent term in the velocity-
scalar joint probability density function (pdf) equation.'' Let
f(v,¥) be the joint pdf of u and ¢’ (where v = v,, v,, v, and
¥V = ¢y, ¥n,...,¢,). Then the mean of any function of u and ¢,
Q) is

(Q ) = j 0 (vab) f (v, b)dv . (33)

Integration is from — o« t0 oo for each of the 3 + o varia-
bles. The scalar-pressure-gradient correlation is then,

<¢§§> = [[u. <§x£ v,w)/(v,xb)dv b, 34)

where (dp/dx;|v,b) is the conditional expection of the pres-
sure gradient given u = v and ¢’ = 1.

In order to apply the independence principle to the
modeling of the conditional pressure gradient, we define the
following sets of scalars

{¢;UE¢“¢2,.,,,¢"’ (35)
(0], =002 b0, (@>0), (36)
i(blom E¢o+ 1 ’¢0+2""9¢w‘ (37)

The general model for the pressure gradient conditional on
u=vand {¢}, = [P}, is

<£1_’_
Ix;

7

v.{tv}a) = G/(($]., [$],.T), (38)

where [®], denotes any statistic of {}, (e.g., (¢ . ¥ ;)), and
Tis any tensor function of {u,u;),d(U,)/dx;, p, and €. Since
each scalar is independent and obeys the same transport
equation, it would be inconsistent to apply different model-
ing to {&},, than to {},. Hence, for consistency with Eq.
(38), we have

<5_P
ax

J

v,ww) = G,(($}u, [6],.T). (39)

Now, from the definition of conditional expectations, the
two conditional pressure gradients are related by

g, J,
(32| wiw1.) = (3£

Xj 3xj
where f,, is the joint pdf of {$},,,, and integration is over

the whole (w-0)-dimensional space. Thus, combining these
three equations we obtain a consistency requirement for the

v,{mm)/aw(w}m)dw;m, (40)
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function G;:

Gj({‘b}a’[d’]a!T)
= [G90 Ol D (¥ (W 1)

Itis obvious that this requirement is satisfied if G; is indepen-
dent of the scalars since then

o [v91) = G [vi1) = (52

——|v, ) ={=—1|V, o) ={=—|v}. 42
<ax, ) = (50 mible) = (52 )
But we hypothesize that there is no model (consistent with
the linearity principle) that depends nontrivially on the sca-
lars and satisfies this requirement, Eq. (41). While no general
proof is offered, it is simply demonstrated that likely terms
such as

(pods) ud )y
do not satisfy Eq. (41). All possible terms involving the sca-
lars that transform correctly contain the inverse of the co-
variance matrix. It is for this reason that, apparently, Eq. (41)
cannot be satisfied. Thus we maintain that the conditional
pressure gradient is independent of the scalars: reverting to
the original notation,

(219 -(2})

The substitution of this result, Eq. (43), into Eq. (34)

yields
)[ [ wrwbas)av

(#30)= 1 (5
g ,

- [(Z ; ) o2 rtwin (44
where £, (v) is the joint pdf of the fluctuating velocities. The
conditiontal expectation of ¢ /, given u = vdepends upon the
shape of the joint pdf. Here we assume it to be given by

(@5 |v) = Cupu) ™ ud 2 vy (45)
A sufficient (but not necessary) condition for this equation to
be valid is that ¢’ and u are joint-normally distributed. Mea-
surements in simple shear flows'>'* show this to be the case,

to a good approximation. Substituting Eq. (45) into Eq. (44)
we obtain the result

<¢; %) = (uku,>“<u,¢;>ﬂﬁp— v>ka(v)dv
= (w2 )~ (22 (46)

Thus, with the assumption of Eq. (45) {(which is certain-
Iy valid in the context of second-order closures) it has been
shown that the scalar-pressure-gradient correlation can be
determined from the velocity-pressure-gradient correlation
by Eq. (46).

There are two sources of pressure fluctuations; one
(denoted by p'") due to the interaction of turbulence with the
mean velocity gradients and the other p* solely due to the
turbulence.*'" In Reynolds-stress closures, the term

ap? 3p?
u u; ,
( K ox, + 9x, >

g
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is modeled. Because this is a combination of pressure gradi-
ents, Eq. (48) cannot be used to determine the corresponding
model for (¢{, ap®/ax;).

Pope!! suggested the following model for the condition-
al gradient of p':

ap? )
< ox

)=
j

where C is a nondimensional functlon of the Reynolds stress-
es. By multiplying by v, and integrating we obtain

(uka”m) z,oa—“ﬂ C oty 101, 48)

Now in Reynolds-stress closures, this term is generally mo-
deled by

ap(l) l 2 a( UI )

u = — —Ans 49
< k 6xj > ‘E‘P(q ) o ikl (49)
where there are several suggestions for the tensor A (see Refs.
1 and 2). Comparing these two equations, we see that A and

C are related by
jklm (4(42)) 1 mlj(ukuq>’ (50)

(47)

amijUq>

m

and

Comy = 1@ (1) A i (51)
Thus the model Eq. (47) is consistent with existing Reynolds-
stress models.

The corresponding model for (¢ ., dp'"/dx;) can be ob-
tained by multiplying Eq. (47) by ¢, and integrating:

1)
<¢a‘9” )— -2pa< U0 ). (52)
Alternatively the same result can be obtained from Eqs. (46)
and (48). This shows that for a given pressure-gradient-ve-
locity model (given C or A), the corresponding pressure-gra-
dient-scalar model (Eq. (52) can be obtained. Previously,>®
the modeling of (p"'d¢ ;, /dx;) was viewed as a separate ex-
cercise, and the generally accepted model was the same as
Eq. (52), but with C replaced by C*:

c 00m6y — 150510, + 8461m)- {53)

It can be shown that C* is the value of C in isotropic turbu-
lence: Egs. (50) and (52) provide a consistent model for the
anisotropic case.

qmlj =
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