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The velocity-dissipation-composition probability density function (pdf) method is used to model a turbulent 
CO/H2/N2-air-piloted jet diffusion flame in the regime of extinction. The thermochemistry is modeled by a 
three-scalar simplified formulation obtained by the intrinsic low-dimensional manifold (ILDM) method. 
Calculations are performed for five different jet velocities, and the scalar pdfs are compared with experimental 
data. Overall good agreement is obtained between the calculations and the experimental results, with the 
only significant difference being the high level of scatter in the experimental data compared with the pdf 
results: reasons for this difference are discussed. The pdf method is found to~,predict flame extinction at 
approximately the same jet velocity as that of the experiment. A small amount of local extinction is observed 
in the pdf results for the high-jet-velocity cases. 

INTRODUCTION 

One of the attractions of using probability 
density function (pdO methods to model turbu- 
lent combustion is that the reaction term can 
be treated exactly [1, 2]. This feature provides a 
method of modeling reacting flows where 
strong turbulent/chemical  interactions occur. 
One feature of such flows that is of interest for 
many engineering applications is the phe- 
nomenon of extinction. 

In this paper, the transport equation for the 
joint pdf of velocity, dissipation and composi- 
tion is solved for the case of a piloted turbu- 
lent, C O / H 2 / N 2 - a i r  diffusion flame investi- 
gated by Masri et al. [3]. The chemical reaction 
is modeled by a three-scalar scheme, created 
by the intrinsic low-dimensional manifold 
(ILDM) method of Maas and Pope [4, 5]. Five 
different flow conditions of increasing jet ve- 
locity are calculated, corresponding to the case 
of fully burned flame through to extinguished 
flow. The numerical and experimental pdfs of 
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the species are then compared, and the perfor- 
mance of the pdf model discussed. 

EXPERIMENT 

The experiment flow chosen for this study is 
the C O / H 2 / N 2 - a i r  flame of Masri et al. [3]. 
In this experiment, composition data are ob- 
tained for different flame conditions, varying 
from fully burned to extinguished. 

The apparatus consists of a central fuel jet 
with inside diameter D i = 7.2 ram, surrounded 
by an annulus of 18.0 mm outside diameter, 
containing the pilot flame. This jet assembly is 
mounted at the center of the exit plane of a 
305.0 × 305.0 mm wind tunnel, which produces 
a uniform, low turbulence intensity flow of air. 
The fuel composition is 45% CO, 15% H z, and 
40% N 2 by volume, and the pilot flame consists 
of a lit, premixed flow of fuel and air in stoi- 
chiometric proportions. 

With the co-flow velocity held constant at 
15.0 m / s  and the unburnt bulk velocity of the 
pilot held at 1.0 m / s ,  the effect of varying the 
fuel jet velocity is investigated. Five bulk fuel 
jet velocities of 98.0, 131.0, 147.0, 155.0, and 
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164.0 m / s  are studied, with extinction of the 
flame determined to be at 167.0 m/s.  

Data from the experiment consists of the 
joint pdfs of composition taken at a point 72.0 
mm downstream of the jet exit plane, and 
approximately 6.5 mm out from the axis. These 
pdfs were obtained by the Rayleigh-Raman 
scattering technique. 

PDF MODEL 

The PDF scheme used in this study is based on 
the velocity-dissipation joint pdf model of Pope 
[6], but extended to include composition vari- 
ables. In this section, only the differences be- 
tween this model and the model of Pope are 
discussed. 

Modeled Velocity and Dissipation Equations 

As with the model of Pope [6], the velocity and 
the logarithm of the turbulent frequency w are 
modeled as Langevin-type processes, where ~o 
-- e /k ,  e is the turbulent dissipation rate, and 
k is the turbulent kinetic energy. The basis of 
these models is that DNS results [7] show the 
Lagrangian velocity and log(o~) to be well ap- 
proximated by a Gaussian process, with an 
exponential autocorrelation. 

The only difference between the models used 
in this work, and those of Pope [6] is that the 
value of the constant Con in the ~o equation 
has been changed. Pope [6] obtains a value of 
C,ol = 0.04 based on the performance of the 
model in several planar flows. However it has 
been found [8] that while this value of Con 
provides good results for planar flows, setting 
Co,1 = 0.08 gives superior results for axisym- 
metric flows. A similar correction has also been 
used with success by Anand et al. [9]. 

Model for Scalar Mixing 

A stochastic model for the mixing of a set of cr 
scalars is also needed, and the simple relax- 
ation model of Dopazo [10] was adopted. This 
model gives the Lagrangian evolution of the 
ot th scalar ~b~ as 

d~:  l C ~ ( ~ :  - 4"6) + So(~) ,  (1) 
dt 2 

where S~(_~) is the chemical source term, rep- 
resenting the change in the a th scalar by 
chemical reaction for the composition 4~, a 
tilde denotes a density-weighted mean,--and 
C6 = 2.0. The mean value of o) appears in this 
equation, rather than the instantaneous value, 
as the equation has to satisfy 

d(4  2 ) 

d---7-- = O, d - - - - V -  = 

(2) 

for the case of the decay of a passive scalar in 
constant-density homogeneous, isotropic tur- 
bulence [11]. Also it has been found [8] that 
using the mean value of ~o based on the turbu- 
lent particles gives better results in the inter- 
mittent regions of the flow, without affecting 
the performance in the fully turbulent regions. 

The advantage of using this mixing model is 
that it is a continuous scheme [1], as opposed 
to stochastic models such as those based on 
particle interaction, like Curl's model [12], and 
thus there are no sudden jumps in composi- 
tion. This feature can be important in reacting 
flows, as the jump in composition can produce 
unphysical cold mixing across a flame sheet 
[13]. 

The disadvantages of the model are that it is 
nonlocal in composition space [13], and it is 
known to perform poorly in predicting scalar 
decay in homogeneous isotropic turbulence. 
Rather than the shape of the scalar pdf relax- 
ing to a gaussian distribution, the model pre- 
serves the shape of the initial pdf. However in 
nonhomogeneous flows, it has been shown that 
faulty models can still produce almost correct 
results, due to the influence of other processes 
on the scalar pdf [14, I5]. 

THERMOCHEMISTRY 

The ILDM method of Maas and Pope [4, 5] 
was used to generate the thermochemical 
model used in this study. The ILDM method is 
a general procedure for simplifying chemical 
kinetics, based on a dynamical systems ap- 
proach, requiring only the full chemical mech- 
anism and the dimension, n r of the resulting 
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reduced mechanism as input. Given these in- 
puts, the ILDM scheme identifies the time 
scale of each reaction for all allowed composi- 
tions. By freezing the n r slowest reactions and 
letting the rest relax to equilibrium, a low-di- 
mensional attracting manifold is obtained. This 
manifold is then projected onto a set of n r 

species, referred to as the controlling variables. 
The rate of change of these controlling vari- 
ables is known at all points on the manifold, 
completing the creation of the reduced mecha- 
nism. 

For the CO/H2 /Nz-a i r  system used in this 
study, the full mechanism and details of the 
ILDM method are described by Maas and Pope 
[4]. A three-scalar mechanism was obtained 
from the full system, with the three representa- 
tive scalars being the mixture fraction ~, and 
the mass fractions of CO 2 and H20,  denoted 
by Yco2 and Y~2o, respectively. The reduced 
mechanism is stored in the form of composi- 
tion increments due to reaction for given time 
intervals and specified initial composition. An 
adaptive tabulation method is used to store 
these increment tables. It should be noted that 
as ~: is a conserved scalar, only the increments 
of Yco2 and YH20 need be stored. A section of 
the reaction table for the stoichiometric mix- 
ture fraction is shown in Fig. 1, with the struc- 
ture of the adaptive tabulation scheme super- 
imposed. 

© 
¢'I 

CO2 
Fig. 1. Example of property in reaction increment table 
taken at ~ = 0.375. Property is the reaction rate of CO2 in 
units of mol/kg.s × 10 3. 

The level of accuracy with which the re- 
duced mechanism represents the full chemical 
system depends on the number of controlling 
variables and the level of refinement of the 
look-up table. Both issues are discussed by 
Maas and Pope [16], who conclude that two 
controlling variables and a refinement level of 
16 cells per axis provide a reasonable represen- 
tation of the full chemical mechanism. The 
table used in this study has two controlling 
variables (plus mixture fraction), and has a 
higher refinement level of 64 cells per axis. 

MONTE CARLO SOLVER 

The solution of the pdf transport equation is 
obtained by a particle-based Monte Carlo 
scheme. By assuming that the flow is axisym- 
metric, almost parallel and statistically station- 
ary, a two-dimensional parabolic solution 
scheme can be employed, which marches in the 
axial (x) direction. At each axial station, the 
density-weighted joint pdf f is represented by 
a large number of fluid particles, with each 
particle having a radial position, (r), three ve- 
locity components, a value of frequency and a 
chemical composition. The number of fluid 
particles, N, is taken to be 40,000 to yield 
small statistical error, while still providing rea- 
sonable CPU times. The width of the solution 
domain expands to encompass the evolving ra- 
dial profiles, and the length is restricted to 10 
jet diameters from the jet exit. Profiles of mean 
quantities are obtained by the method of 
cross-validated least squares cubic splines [17]. 

INITIAL CONDITIONS 

The initial conditions at the jet exit plane are 
the combination of three different flows, the 
jet, the pilot and the co-flow. 

For the jet, the mass flow rate and the 
composition are known from the experiment. 
The initial velocity distribution is obtained by 
assuming a joint normal distribution, with the 
means and covariances of velocity correspond- 
ing to fully developed pipe flow, taken from 
Hinze [18]. The composition is taken to be 
uniform, and on dimensional grounds, o) is 
given by f - k / R  i (where R i is the internal ra- 



214 A.T. NORRIS AND S. B. POPE 

dius of the fuel jet) and log-normally dis- 
tributed. 

The mass flow rate and the preburned com- 
position of the pilot are known from the exper- 
iment. By assuming the pilot to be fully burned 
at the jet exit, the mean composition, tempera- 
ture and density are known. The low axial 
velocity of the pilot and the high temperature 
result in a Reynolds number of order 100, thus 
a uniform velocity is assumed, with all fluctu- 
ating quantities set to zero, as is the value 
of co. 

For the co-flow, the mean and fluctuating 
values of the axial velocity are known, and 
correspond to a turbulent boundary layer on 
the outside wall of the pilot jet. So as in the jet, 
the velocity distribution is assumed to be joint 
normal, with means and covariances obtained 
from experiment and supplemented by fully 
developed turbulent boundary layer data taken 

from Hinze [18]. On dimensional grounds, co is 
taken as vCk-/6,., where 8., is the momentum 
thickness of the boundary layer. 

Boundary conditions are an axis of symmetry 
for the center of the jet, and free stream 
conditions at the outer edge of the flow, corre- 
sponding to the known co-flow properties. 

RESULTS 

Five runs were performed for five different jet 
velocities, corresponding to the experimental 
conditions of Masri et al. [3]. The bulk jet 
velocities are 98.0, 131.0, 147.0, 155.0, and 164.0 
m/s .  In the experiments, extinction was found 
to occur at a bulk jet velocity of 167.0 m/s.  
Scatter plots of the composition were obtained 
for particles at x / D  i = 10 downstream and 
1 .8D i out from the axis of symmetry, corre- 
sponding to the location where the experimen- 
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tal data were taken. These scatter plots for the 
five different runs are shown in Fig. 2-6, with 
the experimental data. Also plotted are the 
equilibrium limits for the CO/Hz/N2-a i r  re- 
action and the conditional averages of the ex- 
perimental data, (Yco2Is c) and (YH2olsC), 
where (Y] s c) is the average of Y conditional 
on ~:. These equilibrium limits are calculated 
with the assumption of equal diffusivities and a 
Lewis number of one. 

In comparing the experimental and calcu- 
lated results, the most noticeable feature is 
that there is considerably greater scatter in the 
experimental data than in the numerical re- 
sults. This difference can be attributed to three 
factors; experimental errors, differential diffu- 
sion, and deficiencies in the mixing model. 

The experimental error is derived mainly 
from the chemiluminescence [19]. A mean cor- 
rection can (and has been) applied to the data 

[3], but the statistical scatter still remains. Thus 
the mean of the data can be expected to be 
reasonably accurate, while the spread, or con- 
ditional variance, of the data may be less accu- 
rate. 

The pdf model used in this study assumes 
that all species have equal diffusivities. How- 
ever, this is known not be the case for real gas 
mixtures. In particular, the diffusivity of hydro- 
gen is approximately four times that of nitro- 
gen or oxygen. One effect of differential 
diffusion is that the definition of the mixture 
fraction becomes nonunique and so particles 
can appear outside the allowed region (defined 
with assumed equal diffusivity) and yet have 
realizable compositions. This effect is notice- 
able in the plots of experimental data in Figs. 
2-6, where a small number of particles can be 
seen to lie outside the allowed region. Because 
the pdf model assumes equal diffusivities, no 
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Fig. 3. Composit ion scatter plots for C O / H : / N 2 - a i r  flame with jet velocity of  131 m / s .  Experimental data in left column, 
pdf results in right column• - O - ,  equilibrium values; - [] - ,  border of  allowed region; - ~ - ,  conditional mean  of data. 
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particles can be found outside the allowed 
region in the pdf results. 

The magnitude of the errors associated with 
experimental sources and the neglect of dif- 
ferential diffusion are illustrated by plotting 
the joint pdf of YN2 and ~ (Fig. 7). For the 
idealized case of no experimental error, equal 
diffusivities and inert N 2 (as assumed by the 
pdf model), the joint pdf would be represented 
by a straight line. However as Fig. 7 shows, this 
is not the case. The departure of the experi- 
mental data from the straight line has a stan- 
dard deviation of approximately 10% of the 
mean value of YN~" The conditional average 
(YN21 ~ ) though, is in reasonable agreement 
with the theoretical result. It is reasonable to 
assume that the other species will have at least 
this level of scatter, and hence the lower level 
of scatter in the pdf results is physically rea- 

sonable, and does not necessarily reflect some 
flaw in the model. 

Having said this, the molecular mixing model 
does have known deficiencies that may affect 
the distribution of the particles in scalar space• 
The model is known to give an incorrect pdf in 
the decay of a scalar in homogeneous isotropic 
turbulence, and while the deficiencies are less 
pronounced in nonhomogeneous flows, it is 
probable that the model causes a degree of 
error in the distribution of particles in scalar 
space. 

Despite the differences between the experi- 
mental data and the pdf results, some useful 
comparisons can be made. For the two lowest 
jet velocities (Fig. 2 and 3), the numerical 
results are in excellent agreement with the 
experimental conditional averages of Yco2 and 
YH20- Both the experimental and pdf results 
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for these two flows show most of the points 
lying near the equilibrium line, but there are 
rare points corresponding to local extinction or 
incomplete combustion. 

For the ~ = 147.0 m / s  case (Fig. 4) the 
experimental data shows a similar form to that 
of the two lower velocity cases, but with the 
(Yco:l~) profile falling further below the 
equilibrium line for lean compositions. Again 
the pdf results show good agreement with the 
conditional averages. The Uj = 155.0 m/ s  ex- 
perimental data (Fig. 5) shows a further reduc- 
tion of the value o f  (Yco2[~:) for lean compo- 
sitions, and a corresponding drop in the 
(Yu~o[ ~ ) profile. The pdf results for this case 
show a bimodal form, with an approximately 
equal number of particles corresponding to 
unreacted and reacted compositions. 

Finally, the Uj = 164.0 m/ s  case (Fig. 6) 
shows a mostly extinguished flame, with only a 
small level of reaction being sustained in the 
near-stoichiometric region of the composition. 
The pdf results agree reasonably well with the 
experimental data, with the majority of the 
particles being nonreactive. 

For the three highest jet velocities consid- 
ered, the pdf results indicated that local extinc- 
tion was occurring in the flame. Comparison 
with the experimental data is inconclusive, due 
to the level of scatter. However it is believed 
[19] that little, if any local extinction should be 
observed. A similar bimodal result was ob- 
tained by Chen et al. [20], who attributed the 
local extinction to the neglect of differential 
diffusion in the pdf calculations. However it 
should be observed that local extinction is only 
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Fig. 6. Composition scatter plots for C O / H 2 / N 2 - a i r  flame with jet velocity of 164 m/ s .  Experimental data in left column, 
pdf results in right column. - ~ - ,  equilibrium values; - [ ] - ,  border  of allowed regions; - z x - ,  conditional mean  of data. 
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Fig. 7. Joint pdf of ~ and YN2 for C O / H 2 / N 2 - a i r  flame 
with jet velocity of 98 m / s .  Points are experimental data. 
- Q - ,  conditional mean (YN21 ~ ); - [~--, joint pdf for the 
case of equally diffusive species and inert N e. 

predicted for flames with jet velocities within 
10% of the extinction velocity. 

Complete extinction for the flame was found 
to occur experimentally at a jet velocity of 
167,0 m/s .  For the pdf calculations, a bulk jet 
velocity of 175.0 m / s  was found to show al- 
most no trace of reacting particles, indicating 
that extinction was being predicted within 5% 
of the experimental value. 

CONCLUSION 

The velocity-dissipation-composition pdf 
method has been used to model  a 
CO/H2/N2-air-pi loted turbulent diffusion 
flame in the regime of extinction. A feature of 
the solution method was the modeling of the 
reaction by a reduced mechanism obtained by 
the ILDM method. The pdf model was found 
to produce scatter plots of composition that 
were quantitatively similar to the experimental 
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data, with extinction occurring at approxi- 
mately the same jet velocity as the experiment. 

A small amount of local extinction was pre- 
dicted by the pdf method for flames with a jet 
velocity within 10% of the extinction velocity, 
while experimental evidence indicates that 
there should be none. It is thought that the 
cause of this local extinction prediction is the 
neglect of differential diffusion in the pdf cal- 
culations. However, the degree of scatter in 
the experimental data does not rule out the 
presence of a small amount of local extinction 
occurring. 

These result has demonstrated that the solu- 
tion of pdf transport equation for large-dimen- 
sional problems is tractable for relatively com- 
plex flows, and capable of yielding accurate 
results. Also it has shown that reduced mecha- 
nisms produced by the ILDM method can be 
used in turbulent 'real life' flows, and with 
good results. 
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Comments 

M. A. Delichatsios, Factory Mutual Research, 
USA. In your mixing model, you have assumed 
that the effective strain rate is e/k;  this way, 
Kolmogorov scale effects have been ignored. 
Can you comment on the validity of ignoring 
Kolmogorov time scale effects? Or why is the 
large scale straining rate, rate controlling? 

Authors' Reply. For the flow conditions studied 
we assume that the Reynolds number is large 
enough so that the dissipative process is con- 
trolled by the large scales of turbulence, and 
hence is independent of the diffusivity. How- 
ever, this also requires the assumption that the 
reaction rate is independent of molecular dif- 
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fusion; we have distributed combustion rather 
than a flamelet-like process. These assump- 
tions can be justified by the following observa- 
tions: The jet Reynolds number is of order 
50,000; the fuel-air mixture has a very broad 
reaction zone (compared to hydrocarbon fuels); 
the flow is close to extinction. 

R. W. Bilger, University of Sydney, Australia. It 
is clear that the chemical reaction rate terms 
are closed in the partial differential equations 
for the joint probability density function. It is 
not clear, however, that they remain so in the 
Monte Carlo simulation of these equations in 
which stochastic particles mix in sudden events 
followed by periods of chemical reaction. In 
the real world reaction and diffusion occur 
simultaneously and in the reaction zones of 
flame they lead to a delicate balance for the 
radicals and other intermediates such as H, 
which are all important in determining reac- 
tion rates. Can you show that your mixing and 
chemistry models reproduce the correct physics 
of what actually happens in a fame? 

Authors' Reply. In order to minimize the effect 
of discrete mixing and reaction processes, we 
chose a continuous mixing model so there 
would be no sudden jumps in the particle com- 
positions. The errors associated with perform- 
ing the mixing and reaction in two separate 
steps were also addressed by a two-step check- 
ing process, to ensure the order in which the 
two processes were performed did not bias the 
solution. So from a numerical point of view, we 

have attempted to perform the reaction and 
mixing in as near to a simultaneous process as 
possible. 

On a more fundamental level, the reduced 
mechanism was obtained without considering 
that the fast-reacting intermediate species lev- 
els may be affected by the small-scale diffusion 
process. Whether the flow contains flamelet- 
like structures for the fast-reacting intermedi- 
ates, embedded in the distributed combustion 
field of the slow-reacting major species and 
what effect this may have on the resulting 
reduced mechanism has not been studied. 

J. Chomiak, Chalmers University of Technology, 
Sweden. Your mixing model excludes flamelets. 
Do you consider the very specific molecular 
mixing and reaction mechanism of the strained 
famelets to be negligible and how would you 
define the limitation of your approach? 

Authors' Reply. As mentioned in reply to the 
question of M. A. Delichatsios, the flow mod- 
eled in this study is far from the flamelet 
regime and so we consider the effect of the 
small scale diffusion process to be negligible 
for this flow. However, for flows where the 
flamelet description is applicable, the current 
mixing model would be deficient. This can be 
remedied by including information about the 
scalar gradient into the joint pdf transport 
equation. This would allow the small scale 
diffusion process to be accounted for and so 
extend the applicability of the PDF method 
into the flamelet regime. 


