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Molecular diffusion effects in LES of a piloted methane–air (Sandia D) flame are investigated on a series of
grids with progressively increased resolution. The reacting density, temperature and chemical composi-
tion are modeled based on the mixture fraction approach combined with a steady flamelet model. With a
rationale to minimize interpolation uncertainties that are routinely introduced by a flamelet table look-
up, quadratic splines relationships are employed to represent thermochemical variables. The role of
molecular diffusivity in effecting spatial transport is studied by drawing a comparison with the turbulent
diffusivity and analyzing their statistics conditioned on temperature. Statistical results demonstrate that
the molecular diffusivity in the near-field almost always exceeds the turbulent diffusivity, except at low
temperatures (less than 500 K). Thus, by altering the jet near-field, molecular transport plays an impor-
tant role in the further downstream jet development. Molecular diffusivity continues to dominate in the
centerline region throughout the flow field. Overall, the results suggest the strong necessity to represent
molecular transport accurately in LES studies of turbulent reacting flows.

� 2010 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
1. Introduction

High-fidelity prediction of non-premixed turbulent flames of
practical engineering relevance remains an elusive target in spite
of significant advances in the Large-eddy simulation (LES) ap-
proach over the past decade. Primarily, this is due to the non-trivial
and inherently small-scale character of turbulence–chemistry
interactions which is not resolved at the LES grid level and poses
well-known modeling challenges. Nevertheless, LES has proved
to be a promising simulation approach for a wide range of chemi-
cally reacting turbulent flows, including non-premixed turbulent
combustion in particular. The number of successful LES applica-
tions reported in the literature have been growing and expanding
not only in the directions of more and more sophistication in com-
bustion modeling [1–4] but also by adding geometrical complexity
of real life gas-turbine combustors [5,6]. A mature methodology
which treats the small-scale chemical reaction processes is the
transported probability density function (PDF) method [7] which
has been successfully applied in the past to a wide range of turbu-
lent non-premixed flames [8,9] in Reynolds-Averaged Navier–
Stokes (RANS) simulations. The PDF approach has been extended
to LES in the context of the filtered density function (FDF) method
[1,10]. Recently, a more mathematically consistent way of extend-
ing the PDF method to LES has been proposed by Pope and relies on
the concept of the self-conditioned fields (SCF) [11]. Henceforth,
ion Institute. Published by Elsevier

v).
we refer to LES/PDF as there is no need in the present context to
distinguish between PDF and FDF.

Molecular transport processes play a prominent role in the non-
premixed combustion as they control the small-scale molecular
mixing and subsequent chemical reactions. Simultaneously, they
constitute a major modeling challenge – an accurate and computa-
tionally efficient representation of these small-scale processes at
the LES grid level. This challenge is not unique for LES. It is even
more pronounced in RANS methods. As a result, many existing
LES non-premixed combustion modeling approaches are direct
copies of their RANS counterparts, albeit with a direct carryover
of many RANS modeling assumptions. One such modeling aspect
is related to a simplified treatment of molecular diffusion
transport.

In the PDF methods molecular diffusion manifests itself through
the appearance of the unclosed conditional molecular diffusion
term in the PDF evolution equation which makes modeling inevita-
ble. It is important to appreciate that not all molecular diffusion
models adopted in the PDF methods provide a ‘‘seamless” coupling
between LES and PDF solutions at the continuous (non-discrete)
formulation level due to the nature of the LES solutions, as was re-
cently discussed by McDermott and Pope [12]. In contrast to the
RANS solution, the LES solution, say the resolved mixture fraction
field ~nðx; tÞ, is a random field and depends on the filter width
D(x), or more appropriately, on the turbulence resolution length
scale, as it explicitly enters models for the subgrid/subfilter (SGS)
stress. Thus, it is more appropriate to view the LES solution as a
family of functions f~nDg parametrized by D rather than a single
function. It is very unlikely that a specification of one member of
Inc. All rights reserved.
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a family is sufficient to draw any non-trivial conclusions about the
whole LES family [13]. The LES family of solutions has a limiting
point – a DNS solution, as the turbulence resolution scale becomes
smaller in the DNS limit, i.e., D=L! 0 for some characteristic flow
length scale L. It is important to guarantee that the PDF solution is
able to reproduce the same DNS limit. McDermott and Pope [12]
provide an example when this is not the case, as well as listing
other desirable properties for the PDF diffusion models. Namely,
when in the Lagrangian particle representation of the PDF trans-
port equation, the spatial molecular transport is modeled as a sto-
chastic Weiener processes (for the particle position equation), the
corresponding scalar variance evolution equation contains a spuri-
ous production term that does not vanish in the DNS limit. In other
words, there exist some resolution scale D – starting from which
the LES and PDF SGS variances become inconsistent.

Another frequently adopted RANS assumption is that the
molecular properties can be taken to be constants. Although in
reactive flows molecular properties are greatly enhanced by the
exothermicity of chemical reactions, this assumption can be some-
what justifiable when molecular diffusivity and viscosity are much
smaller than their turbulent subgrid scale counterparts. However,
in LES this assumption fails as the turbulence resolution scale be-
comes smaller and smaller. Therefore, it will not lead to the consis-
tent LES/PDF formulation. Clearly, the increased values of
molecular diffusivity due to temperature on the one hand, and de-
creased values of the turbulent SGS diffusivity as the LES grid be-
comes fine enough on the other, are expected to lead to
significant effects of molecular diffusion on the LES statistics of
temperature and composition.

Motivated by developing a seamless, numerically accurate LES/
PDF strategy to simulate turbulence–chemistry interaction in tur-
bulent flames, our objective in the present paper is to study the
role of the molecular diffusivity in LES of a laboratory methane–
air flame. To achieve this we compare the molecular and turbulent
SGS diffusivities on several grids with progressively increased res-
olutions, and demonstrate that the molecular diffusivity cannot be
neglected and has to be treated accurately enough even for the
simplified diffusion formulations involving mixture-averaged
diffusivities.

In this work we focus on one of the canonical flame configura-
tions from the TNF flame series – Sandia flame D. This piloted non-
premixed methane–air flame has been extensively studied experi-
mentally by Barlow and Frank [14] and by Schneider et al. [15],
and, as a result, it represents an ideal benchmark case for testing
and developing combustion models in the context of LES. A num-
Table 1
Specification of the molecular viscosity and mixture fraction (or species)
flamelet model; UFM, unsteady flamelet equation model; LSF, laminar ste
table; pPDF, presumed probability density function (beta-pdf or product
probability density function; CSE, conditional source term estimation mod
Sutherland’s law; n.r., not reported.

Authors Chem./turb. model Viscosity, �l

Pitsch and Steiner [16] LFM/pPDF n.r.

Pitsch [17] UFM/pPDF n.r.

Kempf et al. [18] LSF/pPDF FT
Sheikhi et al. [19] LSF/FDF � eT 0:7

Mustata et al. [20] rCH/EPDF n.r.
Raman and Pitsch [21] rCH/FDF n.r.
James et al. [22] rCH/FDF n.r.
Chen [23] LSF/EPDF n.r.
Ihme and Pitsch [24] LSF/pPDF FT
Clayton and Jones [25] LSF/pPDF Const.
Ferraris and Wen [26] LSF/CST n.r.
Vreman et al. [27] FGM/pPDF,TF SL
ber of LES studies of Sandia flame D have been performed success-
fully in the past with combustion models of varying complexity as
summarized in Table 1 [16–27]. It is seen from this table that the
specification of the molecular diffusivity is rarely reported, or re-
ported with very little details which makes it difficult to quantify
its role with respect to the turbulent SGS diffusivity. In addition,
with a few exceptions, reported computations were performed
on one grid, and as a result, that does not allow one to draw a firm
conclusion on the performance of the employed LES combustion
and turbulence models. This paper aims to fill this gap in the
literature.

Many combustion models employed in LES of flame D center on
a mixture fraction based flamelet approach [28]. In such a simpli-
fied turbulence/chemistry interaction treatment chemical compo-
sition, temperature and density are parametrized by one (or a
few) field variables such as the mixture fraction n and its scalar dis-
sipation rate, or a specially constructed progress variable [29]. Such
a parametrization produces a flamelet table so that all chemical
species, temperature and density can be retrieved from the table
as needed which relieves the computational burden of solving
composition and enthalpy evolution equations. Existence of the
mixture fraction can be justified under assumption of equal Lewis
numbers for all species. This assumption neglects differences in
species molecular diffusivities – a very rare situation for practical
combustion regimes. The necessity to treat differential diffusion
has been recognized early as a key for improved predictions in tur-
bulent flame simulations [1,30]. For example, in a recent review of
the hierarchy of diffusion models [31], Giacomazzi et al. demon-
strated that individual species Lewis numbers vary considerably
with temperature in non-premixed methane–air flames. Thus, it
is highly desirable for LES combustion models to handle differen-
tial diffusion effects accurately. In the context of LES/PDF modeling,
it is evident that if, for example, the spatial molecular transport is
represented by a single stochastic position equation there is no
room to account for different species diffusion coefficients [12].

In spite of shortcomings in representing realistic combustion
chemistry, the flamelet parametrization can be a useful tool in
the study of particular effects of subgrid scale and/or combustion
models on the LES solution. In an attempt to account for differen-
tial diffusion effects while retaining the simplicity of the flamelet
model, Pitsch and Peters [32] introduced the mixture fraction as
a solution of a transport equation with independently specified
mixture fraction diffusion coefficient based on the assumption of
equal thermal and mixture fraction diffusivities. Here, we follow
a similar simplified approach by representing the chemistry by a
diffusivity in recent LES studies of Sandia flame D. LFM, Lagrangian
ady flamelet model; FGM, flamelet generated manifold; FT, flamelet
s involving beta-pdf); FDF, filtered density function; EPDF, Eulerian
el; TF, thickened flame model; rCH, reduced chemical mechanism; SL,

Diffusivity, eD or �q eD Sc number �l=�q eD Grid cells, 106

eD � eT 1:7 n.r. 1.01eD � eT 1:7 n.r. 1.01

n.r. n.r. 1.97, 1.97
– 0.75 0.93

n.r. n.r. 0.49, 1.00
n.r. n.r. 1.05
n.r. 1.0 1.14
n.r. n.r. 0.28
FT – 2.6
n.r. n.r. 1.03
n.r. n.r. 1.6
�q eD � eT 0:69 – 1.23, 5.24
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single mildly-strained steady flamelet based on physical space
integration of steady axisymmetric governing equations describing
counter-flow diffusion flame. A flamelet solution is obtained from
the OPPDIF module of CHEMKIN with the multi-component formu-
lation for diffusion velocities and the detailed GRI-Mech 3.0 chem-
ical mechanism. Then, mixture transport properties, such as
molecular viscosity and diffusivity of the mixture fraction, are
computed from the flamelet solution and are fitted to a power
law form in temperature, before being used in the LES equations.
This allows the model to account for the variation of Schmidt num-
ber with temperature. Instead of forming a flamelet table, we
approximate the flamelet solution for specific volume and temper-
ature by a quadratic B-spline with respect to the mixture fraction.
These approximations allow to eliminate possible flamelet table
interpolation errors. This is especially important for low-Mach
number projection methods where strong coupling among density,
velocity and pressure could cause small table interpolation errors
in density to propagate and produce large errors in velocity and
scalar fields [33]. Thus, the main objective of the current work is
to use a simple, tabulation free combustion model to study resolu-
tion effects on statistics of molecular diffusivity as well as the
interplay between molecular and subgrid diffusivities in different
regions of flame D.

The paper is organized as follows: in Section 2, we present the
LES governing equation. An extra scalar equation for the variance
of the mixture fraction is needed to compute the resolved values
of density and temperature from the quadratic spline model. In
Section 3, we introduce the combustion model based on the qua-
dratic spline approximation. We show that a small number of
splines are required (typically about 3) for the accurate approxima-
tion of density, temperature and major species. Here, we propose a
model for the SGS temperature variance which is used as an esti-
mator for the residual contribution to the total temperature vari-
ance. While the resolved temperature depends on the first two
moments of the mixture fraction according to the quadratic spline
approximation, its variance contains terms involving the differ-
ences that depend on the third ðfn3 —~nfn2Þ and the fourth
ðfn4 —fn2fn2Þ moments. We model these differences employing the
beta-pdf which conveniently allows all higher moments to be re-
lated to the first two. Computational implementation is discussed
in Section 4. We present results in Section 5 primarily focusing
on temperature and diffusivity. Since the molecular diffusivity is
a function of temperature we discuss the temperature field first
and compare it with available experimental data [14,15]. Conclu-
sions are drawn in Section 6.
2. Governing equations

In LES of variable-density turbulent flows with parametrized
chemistry one solves evolution equations for large-scale resolved
quantities, namely the density �q, the density weighted velocity
~ui, pressure �p and the mixture fraction ~n (here, the common Favre
notation for the density weighted resolved quantity is used, i.e.,
~n ¼ qn=�q). The flamelet-based simplified treatment of turbu-
lence–chemistry interaction requires additional equations that de-
scribe the thermochemical state of the system and functionally
relate the resolved density, temperature and species mass fraction
with the mixture fraction field ~n and its subgrid scale (SGS) vari-
ance Vn ¼fn2 � ð~nÞ2. The dependence of the resolved thermochem-
ical fields on the SGS mixture fraction variance accounts for the
effect of residual fluctuations and makes it an important modeling
variable in LES of non-premixed combustion systems. While there
are different ways to model the SGS mixture fraction variance [34],
in this work we integrate an extra transport equation for Vn.
Accordingly, the LES system of the governing equations is given by:
@�q
@t
þ @

�q~uj

@xj
¼ 0; ð1Þ

@�q~ui

@t
þ @

�q~ui~uj

@xj
¼ � @

�p
@xi
þ 2

@

@xj
ð�lþ lTÞ eSij �

1
3
eSkkdij

� �� �
; ð2Þ

@�q~n
@t
þ @

�q~uj
~n

@xj
¼ @

@xj
�qð eD þDTÞ

@~n
@xj

 !
; ð3Þ

@�qVn

@t
þ @

�q~ujVn

@xj
¼ @

@xj
�qð eD þDTÞ

@Vn

@xj

� �
� 2�q~vn þ 2�qð eD þDTÞ

@~n
@xj

@~n
@xj

; ð4Þ

�q ¼ �qð~n;VnÞ; eT ¼ eT ð~n;VnÞ; �l ¼ lðTÞ; �q eD ¼ �q gDðTÞ; ð5Þ

with eSij and ~vn being the resolved strain rate and scalar dissipation
rate, respectively. The filtered diffusive flux in the scalar transport
equations is simplified as qDrn ¼ �q gDrn � �q eDr~n – a questionable
but standard practice in combustion LES [35]. On the other hand,
subgrid scale contributions arising from nonlinearities in molecular
properties can be accounted for once the SGS temperature variance
is available. This is further discussed in Section 3.3.

In the LES momentum equation, Eq. (2), the Smagorinsky model
is used to obtain the deviatoric part of the unclosed SGS stress
sij ¼ �q~ui~uj � �qguiuj :

sij �
dij

3
skk ¼ 2lT

eSij �
dij

3
eSkk

� �
; ð6Þ

with the eddy viscosity being lT ¼ �qCSD
2jeSj and jeSj ¼ ð2eSij

eSijÞ1=2.
Here, a model constant CS is computed according to the Germano
dynamic procedure [36] with Lilly’s modification [37]. In addition,
a commonly used averaging operation in the periodic direction is
employed for the numerator and denominator in the expression
for CS. In both scalar equations, Eqs. (3) and (4), the unclosed sub-
grid scalar flux is modeled by a standard gradient diffusion hypoth-
esis with the same subgrid diffusivity �qDT for both scalar fields, for
example for the mixture fraction one has:

�q~ui
~n� �qfuin ¼ �qDT

@~n
@xi

: ð7Þ

The subgrid diffusivity is specified based on the eddy viscosity and
the subgrid Schmidt number as �qDT ¼ lT=ScT with a commonly
used value of ScT = 0.4 [16].

Finally, the scalar dissipation rate term 2�q~vn in Eq. (4) is decom-
posed into resolved and SGS parts where the latter is taken to be
proportional to the SGS mixture fraction variance:

2�q~vn ¼ 2�q eD @~n
@xj

@~n
@xj
þ C

�qDT Vn

D2 ; ð8Þ

with a model constant chosen to be C = 2. This is consistent with the
linear relaxation model for the SGS dissipation rate used in other
LES studies of methane jet flames, such as the Cabra lifted flame
by Domingo et al. [38] (C = 1.8), and piloted Sandia flames by Ihme
and Pitsch [24] (C = 11.25). We found that while having a negligible
effect on the resolved mixture fraction variance the higher values of
C lead to reduced values of the SGS variance in the jet near-field
thus diminishing effects of the small-scale scalar mixing. In a more
general way, the model constant C can be also evaluated from a dy-
namic procedure as discussed, for example, by Pera et al. [34]. Sub-
stitution of Eq. (8) results in cancellation of the production term in
Eq. (4) that simplifies to the final form:

@�qVn

@t
þ @

�q~ujVn

@xj
¼ @

@xj
�qð eD þDT Þ

@Vn

@xj

� �
þ 2�qDT

@~n
@xj

@~n
@xj
� C �qDT

D2 Vn: ð9Þ
3. Combustion model

3.1. Specification of molecular properties

Molecular transport properties in Eq. (5) are obtained from a
steady laminar flamelet solution with the detailed GRI-Mech 3.0
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chemical mechanism by the OPPDIF module of CHEMKIN 4.1 and
its transport database. A mildly-strained flamelet with a nominal
strain rate of a = 50 s�1 is computed in a 1D axisymmetric coun-
ter-flow configuration with the full multi-component formulation
for transport coefficients. The mixture averaged molecular viscos-
ity is then computed by Wilke’s semi-empirical formula [39]:

l ¼
XN

k¼1

XklkPN
j¼kXjUkj

; where

Ukj ¼
1ffiffiffi
8
p 1þWk

Wj

� ��1
2

1þ lk

lj

 !1
2 Wj

Wk

� �1=4
24 352

; ð10Þ

here, Xk, Wk and lk are mole fraction, molecular weight and viscos-
ity of the kth species, respectively. The mixture fraction molecular
diffusivity is computed from the mixture-averaged specific heat
capacity and thermal conductivity (qD = k/Cp), thus employing the
unity Lewis number assumption for the mixture fraction. The mix-
ture averaged thermal conductivity is given by:

k ¼ 1
2

XN

k¼1

Xkkk þ
1PN

k¼1Xk=kk

 !
: ð11Þ

The mixture averaged molecular transport properties are then fitted
to a power-law form with respect to temperature as follows:

lðTÞ ¼ 1:75� 10�5 T
T0

� �0:69

; ð12Þ

qDðTÞ ¼ 2:48� 10�5 T
T0

� �0:72 kg
m � s

� �
; ð13Þ

with T0 = 298 K. Similar excellent approximations of the CHEMKIN
data can be obtained using quadratic functions of the following
form:

lðTÞ ¼ al þ bl
T
T0

� �
þ cl

T
T0

� �2

; ð14Þ

qDðTÞ ¼ aD þ bD
T
T0

� �
þ cD

T
T0

� �2

; ð15Þ

where cl = �3.2 � 10�7, bl = 1.08 � 10�5, al = 7.3 � 10�6 (kg/m s)
and cD = �4.3 � 10�7, bD = 1.6 � 10�5, aD = 9.5 � 10�6 (kg/m s),
respectively. The latter approximation allows us to account for
the effects of temperature fluctuations on molecular properties as
further outlined in Section 3.3. The functional dependence of the
mixture molecular properties on temperature for both models is
compared with the corresponding CHEMKIN data in Fig. 1a and b.
Note that the molecular properties extracted from the CHEMKIN
flame calculation are double-valued functions of temperature –
with one value on the lean side and one on the rich side of the peak
temperature. However, these properties are adequately approxi-
mated by the single-valued power laws, Eqs. (12)–(15).

3.2. Approximation of resolved density and temperature

It is standard practice in flamelet-based approaches to use a
presumed pdf, such as the beta-pdf, to obtain LES Favre-filtered re-
solved quantities [40]. Consequently, in the simplest case, the re-
solved LES fields are viewed as expectations (means) with
respect the beta-pdf which is parametrized by the resolved mix-
ture fraction and its SGS variance. Additional hypotheses are
needed if the thermochemical state is parametrized by extra vari-
ables such as the scalar dissipation rate or the progress variable to
represent a joint form of a presumed pdf [29]. For practical pur-
poses, all thermochemical variables are tabulated and stored in a
multidimensional table spanned by at least two variables, i.e., ~n
and Vn, in order to retrieve them at run time.

In this work we adopt a different approach which is based on
simple algebraic relations between the resolved mixture fraction,
the SGS variance on the one hand and the resolved thermochemi-
cal variables on the other. In particular, in order to avoid possible
interpolation errors associated with a flamelet table, as well as
for simplicity, we use smooth functional approximation of thermo-
chemical variables based on quadratic B-splines. This approach al-
lows to obtain the resolved LES quantities based on definition of
the Favre filtering and naturally includes the SGS mixture fraction
variance in the formulation.

We first note that for the specific volume v we have
~v ¼ g1=q ¼ 1=�q resulting in a useful expression for the filtered den-
sity �q ¼ ~v�1. In the context of flamelet-based modeling we repre-
sent the flamelet parametrization v(n) at the resolved scale as
~vð~n;VnÞ. Note that if the subgrid fluctuations are absent then
~vð~n;0Þ ¼ vð~nÞ. In the present approach our purpose is to obtain a
simple expression for ~vð~n;VnÞ (and other thermochemical vari-
ables) based on a given functional form of the flamelet v(n). In its
simplest form a quadratic B-spline approximation to the flamelet
function v(n) is represented by a single quadratic function vo(-
n) = a + bn + cn2. This translates in the following approximation
for the resolved specific volume ~v:

~voð~n;VnÞ ¼ aþ b~nþ cfn2 ¼ aþ b~nþ cð~n2 þ VnÞ ¼ ~vð~n;0Þ þ cVn;

ð16Þ

where the coefficients a, b and c can be found by fitting to the
CHEMKIN flamelet data for specific volume. This is shown in
Fig. 2a and b. Here, the mixture fraction is defined according to Bil-
ger et al. [41]. It is seen that a single parabola representation pro-
vides an adequate approximation for lean mixtures while slightly
underpredicting the density for rich mixtures. For temperature,
however, the quadratic approximation is less convincing, as it is evi-
dent from Fig. 3a where it is shown by a dashed line. The spline
approximation of a flamelet function can be improved if one consid-
ers a piece-wise quadratic approximation based on a quadratic B-
spline ~vð~n;0Þ ¼ vsð~nÞ. For example, a spline approximation of the
specific volume which consists of three smoothly connected para-
bolic pieces is shown in Fig. 2a and can be written as:

vsðnÞ ¼
Xn

i¼1

ciBi;2ðnÞ; ð17Þ

where fBi;2gn
i¼1 are quadratic B-splines, ci are control points and

n = 5. The jth B-spline of degree d = 2 (quadratic) is fully defined
by its knots sequence ðnjÞnþdþ1

j¼1 according to the following recurrence
relationship:

Bj;dðnÞ ¼
n� nj

njþd � nj
Bj;d�1ðnÞ þ

njþ1þd � n

njþdþ1 � njþ1
Bjþ1;d�1;

Bj;0ðnÞ ¼
1; if nj 6 n < njþ1

0; otherwise:

�
ð18Þ

The knot sequence ðnjÞ8j¼1 and control points ðciÞ5i¼1 used to define
the quadratic B-spline approximations of the specific volume and
temperature are given in Table 2. The approximation for the re-
solved specific volume is then can be defined as:

~vð~n;VnÞ ¼ ~vð~n; 0Þ
~voð~n;VnÞ
~voð~n;0Þ

: ð19Þ

The basic assumption here is that the ratio of the resolved specific
volumes computed at non-zero and zero variances according
to the spline approximation is equal to the same ratio which is
computed based on the simple quadratic approximation, i.e.,
~vð~n;VnÞ=~vð~n;0Þ ¼ ~voð~n;VnÞ=~voð~n; 0Þ. In Eq. (19), a prefactor
~vð~n;0Þ ¼ v sð~nÞ defines a shape of the resolved flamelet profile, while
the ratio ~voð~n;VnÞ=~voð~n;0Þ controls the magnitude that depends on
the SGS mixture fraction variance.



(a) (b)

Fig. 1. Molecular viscosity (a) and diffusivity (b) as functions of temperature in the laminar flame calculations: light line – CHEMKIN; solid line – power-law approximations,
Eqs. (12) and (13); dashed line – quadratic approximations, Eqs. (14) and (15).

(a) (b)

Fig. 2. (a) Specific volume vs. mixture fraction. Quadratic spline approximations of the CHEMKIN flamelet solution – s1(n), s3(n) employing 1 and 3 parabolic pieces,
respectively; (b) density vs. mixture fraction.

(a) (b)

Fig. 3. Temperature vs. mixture fraction: (a) quadratic spline approximations of the CHEMKIN flamelet solution – s1(n), s2(n), s3(n) employing 1,2 and 3 parabolic pieces,
respectively; (b) dependence of the resolved temperature eT on turbulent fluctuations of the mixture fraction represented by the SGS variance V n ¼ a~nð1� ~nÞ with a = 0, 0.1,
0.2, 0.3, 0.4 (in descending order).

Table 2
The knot sequence ðnjÞ8j¼1 and control points ðciÞ5i¼1 for B-spline approximations of specific volume and temperature. Last three columns of two bottom rows show coefficients a, b,
c for the corresponding quadratic approximations.

n1 n2 n3 n4 n5 n6 n7 n8

vs(n) 0 0 0 0.390 0.474 1 1 1
Ts(n) 0 0 0 0.297 0.498 1 1 1

c1 c2 c3 c4 c5 a b c

vs(n) (m3/kg) 0.834 5.543 6.131 3.801 0.947 0.833 21.94 �21.82
Ts(n) (K) 291 1481 2117 1051 294 291 7226 �7223
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Similar expressions can be applied to other thermochemical
variables. The effect of the non-zero variance on the resolved tem-
perature profile computed analogously to Eq. (19) is shown in
Fig. 3b for several different values of Vn. It may be seen that the re-
solved flamelet temperature continuously decreases while retain-
ing the asymmetry with respect to lean and rich parts of the
mixture. Finally, we would like to point out that in the simple com-
bustion model used, we deliberately do not introduce an assumed
PDF. However, the resolved property defined by Eq. (19) may be
associated with an implied PDF, although such a PDF is almost cer-
tainly not unique.

3.3. Modeling of SGS temperature variance

Ultimately, an LES aims to produce the LES statistics Qm, such as
the statistical mean or variance, which would give an accurate esti-
mation of the true statistics Q of some turbulent quantity of inter-
est. For example, Qm can be the estimation of the mean
temperature Q = hTi or temperature variance Q = h T2i � hTi2. As
pointed out by Pope [13], the LES statistics estimation Qm can be
decomposed as Qm = QW + Qr, where QW is defined solely by the re-
solved LES fields, while Qr estimates the contribution from the
unresolved (residual) motions. Thus, it is desirable for an LES mod-
el to provide a procedure for estimation of the residual component
Qr. While the mean of the resolved LES fields can provide a reason-
able estimation for the total statistical mean in free-shear flows,
the variance estimation requires more careful accounting of the
residual scale contribution. The mean SGS variance provides a nat-
ural model for an estimation of the residual contribution Qr:

Q ¼ hT2i � hTi2 � Qm ¼ hðeT Þ2i � heT i2 þ hVTi; with

VT ¼ fT2 � ðeT Þ2: ð20Þ

The analytical form of the resolved flamelet temperature allows
one to obtain a model for the SGS temperature variance from its
definition. Let To(n) = aT + bTn + cTn

2 and Ts(n) be the quadratic and
spline approximations, respectively. Then similar to Eq. (19) one
could approximate the resolved temperature as:

eT ð~n;VnÞ ¼ eT ð~n; 0Þ eT oð~n;VnÞeT oð~n; 0Þ
; ð21Þ

where eT ð~n; 0Þ ¼ Tsð~nÞ. Since the ratio eT ð~n;0Þ=eT oð~n; 0Þ does not ac-
count for any turbulent fluctuations being independent of the vari-
ance, from the definitions of VT and To it follows that:

VT ¼
eT 2ð~n;0ÞeT 2

oð~n;0Þ
fT2

o � ðaT þ bT
~nþ cT

fn2Þ2
� �

¼
eT 2ð~n;0ÞeT 2

oð~n;0Þ
b2

T Vn þ 2bT cTðfn3 � ~nfn2Þ þ c2
Tð
fn4 �fn2fn2Þ

h i
: ð22Þ

Further simplification is necessary since the third ðfn3Þ and the

fourth ðfn4Þ SGS raw moments of the mixture fraction are unknown
and need to be modeled in terms of Vn and ~n. The simplest way to
estimate the higher moments of the mixture fraction field is to
use the beta-pdf assumption. Thus, our approximation model for
the SGS temperature variance VT is based on the beta-pdf which is
widely used in presumed pdf modeling of the mixture fraction field
in non-premixed turbulent combustion [29,40].

Accordingly, the LES fields are viewed as statistical means with
respect to the beta-pdf distribution. The two-parameter beta-pdf
Pb(n;a,b) is fully defined by its mean ~n and variance Vn through
a ¼ ~n½~nð1� ~nÞ=Vn � 1� and b ¼ a=~n� a. An attractive feature of the
beta-pdf distribution is that it allows the higher moments to be re-
lated to the mean and variance by a simple recurrence formula:
fn3 ¼ ð~n2 þ VnÞð1� ~nÞ þ Vn

~nð1� ~nÞ þ Vn

" #fn2 ;

fn4 ¼ ð~n2 þ VnÞð1� ~nÞ þ 2Vn

~nð1� ~nÞ þ 2Vn

" #fn3 : ð23Þ

Note that if the mixture fraction variance is equal to zero thenfn3 ¼ ~nfn2 and fn4 ¼fn2fn2 resulting in zero SGS temperature variance
according to Eq. (22).

The SGS temperature variance allows us to account for the ef-
fect of the subgrid temperature fluctuations on molecular proper-
ties, thus avoiding usual modeling approximations gDðTÞ ¼ DðeT Þ
and lðTÞ ¼ lðeT Þ. For example, from Eq. (15) the resolved diffusiv-
ity can be written as

�q gDðTÞ ¼ aD þ
bD

T0

eT þ cD

T2
0

fT2 ¼ aD þ
bD

T0

eT þ cD

T2
0

ðeT 2 þ VTÞ: ð24Þ

However, as can be seen from Fig. 1b qD(T) is almost linear in T, and
hence, a significant difference between �q gDðTÞ and �qDðeT Þ is not
expected.
4. Computational configuration

We apply LES Eqs. (1)–(5) to simulate Sandia flame D that is
shown schematically in Fig. 4, and which has been studied exper-
imentally by Barlow and Frank [14]. The fuel jet consists of a mix-
ture of 25% methane and 75% air (by volume) and emanates from a
nozzle with diameter D = 7.2 mm at a bulk velocity of Ub = 49.6 m/
s, which defines a characteristic Reynolds number of Re = 22,400.
The nozzle is surrounded by a coaxial pilot nozzle with a diameter
of 2.62D. The pilot flow is a lean burnt mixture of C2H2, air, CO2, H2

and N2 corresponding to a mixture fraction value of n = 0.271, with
a bulk velocity of 11.4 m/s. The coaxial burner is further sur-
rounded by co-flowing air with a bulk velocity of 0.9 m/s.

In this work the modeled flow configuration is studied in a
cylindrical computational domain of 120.3D � 20D � 2p that is
represented in cylindrical coordinates (x,r,h) as depicted in Fig. 4.
In the simulations the jet and pilot nozzles have a small axial
extension of 0.3D upstream of the nozzle exit plane, which is taken
as the origin of the axial coordinate, x. The dimensions of the com-
putational domain as well as flow variables are non-dimensional-
ized by the characteristic jet parameters (i.e., diameter, bulk
velocity, density). The turbulent jet inflow velocity condition is
generated separately by running a high resolution LES of the sta-
tionary turbulent pipe flow enforcing the experimental mean and
rms of axial velocity as measured by the TU Darmstadt group
[15]. The turbulent pipe flow simulation has been conducted on
a 192 � 96 � 96 grid with periodic boundary conditions in the
streamwise direction. Accumulated velocity field data are saved
and used to generate inflow conditions by linear interpolation onto
the LES grid at the jet inlet plane. The inflow velocity condition for
the pilot is based on the measured mean with the superimposed
uncorrelated random noise fluctuations of low intensity (�1%)
according to the measured rms profiles, while in the co-flow region
the measured bulk values with zero turbulent intensity are used.
The mixture fraction field is prescribed as a step function according
to an experimental value of ~n ¼ 0:271 for the pilot, and ~n ¼ 1 and
~n ¼ 0 for the jet and co-flow, respectively. Finally, the convective
boundary conditions are employed for velocity and scalar fields
on the outflow boundary including the entrainment boundary of
the computational domain.

A structured Stanford LES code is employed to solve the vari-
able-density LES equations, Eqs. (1)–(5), written in cylindrical
coordinates [29]. The numerical method is second-order accurate
in space and time and adopts an energy-conserving discretization



Fig. 4. Computational domain and geometrical configuration of Sandia flame D.
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scheme for the momentum equation. Scalar transport equations
are discretized using the QUICK scheme [42] and solved employing
a semi-implicit iterative technique, which has proven to be effec-
tive for typical low-Mach combustion problems [29]. Domain
decomposition is used for the LES code parallelization.

In this work we employ five grids G1, . . . ,G5 with a progres-
sively increasing resolution from about 0.2 to 10.5 million cells
as detailed in Table 3. All grids are stretched in the axial direction
as well as in the radial direction, with clustering in the jet nozzle
and pilot annulus regions, while remaining uniformly spaced in
the circumferential direction. Grid resolution parameters for the
jet nozzle and the pilot are given in Table 4. In all simulations, with
the exception of the finest grid G5, a zero state is employed as the
initial condition for all scalar variables except the velocity field,
which is taken to be uniform and equal to the co-flow velocity in
the whole domain. For the finest grid, the initial fields are interpo-
lated from a statistically stationary solution on the preceding grid
G4. Time integration is performed with a variable time step corre-
sponding to a CFL number of 0.3–0.35. Statistics are accumulated
after the simulation has reached a statistically stationary state
which is verified by convergence in the rms statistics. This corre-
sponds to about 10 flow-through times based on the jet averaged
centerline velocity and the characteristic length of
L ¼ 75D; ðtfl ¼

R L
0 dx=heUiðxÞÞ. Such a defined flow-through time is

about two times larger than a time computed based on the bulk
velocity value (tB = L/UB). After that, the simulation is continued
for approximately four flow-through times to accumulate statis-
tics. The LES statistics are computed by averaging in time and
the circumferential direction, and these averages are denoted by
angular brackets, e.g., heT i.

Table 3
Grid parameters and the minimum/maximum cell width in the axial and radial
directions.

Grid Resolution (x,r,h) Cells, 106 Dx
min Dx

max Dr
min Dr

max

G1 96 � 64 � 32 0.196 12 � 10�2 4.78 2.8 � 10�2 1.96
G2 160 � 96 � 64 0.983 7.3 � 10�2 2.89 1.8 � 10�2 1.33
G3 256 � 128 � 64 2.097 4.5 � 10�2 1.81 1.4 � 10�2 1.01
G4 256 � 192 � 96 4.719 4.5 � 10�2 1.81 9.4 � 10�3 0.67
G5 320 � 256 � 128 10.485 3.6 � 10�2 1.45 7.0 � 10�3 0.51

Table 4
Grid resolutions for the jet nozzle and the pilot.

Grid Cells in x
for x < 0

Cells in r for
jet nozzle

Cells in r
for pilot

Cells in jet
nozzle wall

Cells in
pilot wall

G1 3 10 15 2 2
G2 5 15 22 3 3
G3 8 20 30 3 4
G4 8 30 45 4 6
G5 9 40 50 5 7
5. Results and discussion

5.1. Resolution and modeling considerations

Before proceeding with the analysis of molecular diffusivity and
other scalar fields we first discuss simple resolution indicators on
different grids. A standard way to assess the achieved resolution
in a particular simulation is to compare the statistics of the resolved
motion, i.e., the turbulent kinetic energy (TKE) kres ¼ 1=2ðh~u2

j i�
h~uji2Þ with that of the residual motion hksgsi. Then, different resolu-
tion measures can be formed based on the ratio of h ksgsi and kres or
their algebraic combinations [13,43]. The quality of such measures
relies on the quality of the SGS turbulent kinetic energy estimation.
In the present work, we do not integrate an evolution equation for
ksgs explicitly, so a simple scaling based relation ksgs � ðjeSjDÞ2 �
ðmT=DÞ2 is used which results in the following expression,
ksgs = (mT/CMD)2. Here, D is the characteristic cell size and CM is cho-
sen to be 0.069 similar to an LES study of Boudier et al. [6].

Figure 5 shows radial profiles of kres and hksgsi for axial locations
of x = 7.5D, 15D, 45D, and for the characteristic size based on the cell
volume D = (DxrDhDr)1/3. It is seen that estimated values of hksgsi
develop a singularity for finer grids as one approaches to the center-
line because of definition of D. At x = 15D Fig. 5e shows two notice-
able spikes in values of hksgsi around of r = D which is related to the
radial direction grid clustering close to the pilot and pipe walls.
Overall, the adopted estimation model seems to underpredict hksgsi
values and should be used with caution. In fact, as can be seen from
Fig. 5e at the radial location of r = D the ratio kres/hksgsi is about 17
for G1 grid and about 29 for G3–G5 grids. This translates to approx-
imately 94% and 97% of the resolved TKE, respectively, which seems
to be too high considering given G1 grid resolution.

The ratio of the SGS turbulent and kinematic viscosities is
shown in Fig. 6a–c for three axial locations of x = 7.5D, 15D and
45D. This ratio can be used further to estimate the Kolmogorov
length scale as g = (m/mT)1/2(CsD) (where C2

s ¼ 0:032 from LES of
round free jets by Bogey and Bailly [44]). Radial profiles of the ratio
of D and the mean estimated Kolmogorov scale are shown in
Fig. 6d–f. The effect of the high temperature flame zone is clearly
visible throughout the flow domain and manifests itself through
increase in the Kolmogorov length scale due to elevated values of
the kinematic viscosity. For example, at x = 15D and r = D the esti-
mated ratio of D/hgi decreases to about 2.4 on the G5 grid as is evi-
dent from Fig. 6e.

Finally, to evaluate the effect of the subgrid temperature fluctu-
ations on the molecular properties we conducted two simulations
on the G1 grid. In one simulation the molecular properties were
computed with accounting for the SGS temperature variance
according to Eq. (24), while in the other the SGS temperature var-
iance was neglected which is equivalent to the assumption ofgDðTÞ ¼ DðeT Þ. The results showed that the difference in statistics
of the mixture fraction (and molecular diffusivities) fields between
both cases is less than 1%. As the SGS temperature variance rapidly
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(d) (e) (f)

Fig. 5. Radial profiles of the resolved TKE – kres (a–c) and mean SGS TKE – hksgsi (d–f) at axial locations of x = 7.5, 15D and 45D for different grids: G1 (gray), G2 (dashed), G3
(thin), G4 (bold dashed) and G5 (bold). Note that values of hksgsi are multiplied by 10 to enable comparison.

(a) (b) (c)

(d) (e) (f)

Fig. 6. Radial profiles of the ratio of hmT i/hmi (a–c) and the ratio of D/h gi (d–f) (hgi is the estimated Kolmogorov length scale) at axial locations of x = 7.5, 15D and 45D for
different grids: G1 (gray), G2 (dashed), G3 (thin), G4 (bold dashed) and G5 (bold).
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decreases with the grid resolution its effect on molecular proper-
ties will be even smaller on the finer grids. As a result, in what fol-
lows we discuss results for the case of DðeT Þ and the effect of the
SGS temperature variance is neglected.

5.2. Mixture fraction

In flamelet-based non-premixed combustion modeling the mix-
ture fraction is an important variable since it is used to parametrize
chemical composition, molecular properties and enthalpy. There-
fore, it is a minimal requirement to accurately predict an evolution
of the mixture fraction. Since in the present work our main focus is
on molecular diffusion effects we present an abbreviated discussion
of the mixture fraction field. The full analysis of the mixture fraction
and velocity fields with respect to different ways of accounting for
the SGS variance will be addressed in a subsequent paper.

Here, we remark that the adopted simple combustion model
represents the mixture fraction field reasonably well throughout
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flow domain. Figure 7a–f shows radial mean and rms mixture frac-
tion profiles at two representative axial locations of x = 15D and
30D. In addition to the resolved rms profiles, the total mixture frac-
tion rms (Fig. 7c and f) is computed based on additional statistical
contribution from the residual motion ð~nr

rmsÞ
2 ¼ hVni as suggested

in [13]. Both mean and rms fields exhibit good convergence to a
limiting state which is reasonably well characterized by the G3 grid
solution. The resolved rms profiles slightly underpredict the max-
imal values of experimental data. The contribution from the SGS
variance is shown in insets of Fig. 7c and f. Qualitatively, the mean
SGS variance in the radial direction shows similar behavior and
convergence rate as the resolved variance but quickly becomes rel-
atively insignificant downstream beyond 15D.

5.3. Temperature

Since the molecular diffusivity is a function of temperature we
will consider the resolved temperature field first. Axial profiles of
the mean centerline temperature are shown in Fig. 8. It is seen that
the mean temperature is in good agreement with the measured
values for the three finest grids. The peak value is marginally
underpredicted by approximately 50 K. The mean centerline tem-
perature starts exceeding experimental values starting from a dis-
tance of 60D downstream. This overprediction in temperature is
similar to one reported in other flamelet-based calculations and
is usually attributed to not accounting for thermal radiation effects
in the combustion models [24,27]. The rms temperature profiles
exhibit behavior in accordance with the experimental data except
beyond the location of a local minimum where the temperature
fluctuations are underpredicted – a trend which was observed in
some recent Flame D simulations [24,27].

Radial profiles at the intermediate locations x = D through
x = 45D are shown in Figs. 9–12. It can be seen that mean temper-
ature is convergent for G3–G5 grids and approximates the experi-
mental values quite well at all axial locations. In the jet near-field
(a) (b)

(d) (e)

Fig. 7. Radial profiles of the mean (a and d), the resolved rms – ~nW
rms (b and e) and the tota

and 30D compared with experimental data (symbols) for different grids: G1 (gray), G2 (
rms mixture fraction profiles, ~nr

rms ¼
ffiffiffiffiffiffiffiffiffi
hVni

p
.

(up to x = 7.5D) the resolved temperature is found to be convergent
on the G2 grid also. Generally, the rms profiles of temperature give
an adequate approximation to the experimental data in most of the
flow domain. However, their sensitivity to the grid resolution is
somewhat complicated. Downstream of x = 15D, the temperature
rms profiles show a reasonable convergence on G3–G5 grids with
a gradual deterioration at far downstream locations of x = 45D
and x = 60D, where all four grids G2–G5 are characterized by sim-
ilar profiles which are insensitive to the radial resolution. As the
grid is stretched downstream, the resolution in the axial direction
becomes dominant and differences in the effective value of D
among grids become less pronounced. Close to the nozzle there
is noticeable convergence on G2, G3 and G4 grids everywhere but
at the location of the rms maximum, i.e., in a mixing layer between
jet fuel and hot pilot products. The finest grid G5, while consistent
with other three up to r = D, shows a decrease in the temperature
fluctuations in the mixing layer between pilot product and co-flow
air. Figures 9–11 show that the temperature rms fluctuations tend
to increase at their maxima locations in the fuel rich region as the
grid resolution becomes more refined. On the other hand they ex-
hibit an opposite behavior if their maxima are located in the lean
region. A qualitatively similar pattern takes place for the rms of
the mixture fraction field also (not shown). This can be explained
by the interplay between the molecular and SGS diffusivities in
these regions, which is briefly discussed below after presentation
of molecular diffusivity results.

The square root of the mean temperature SGS variance is a mea-
sure of the unresolved temperature fluctuations which is needed to
evaluate the full LES statistics. These profiles are shown in insets of
Figs. 9–12. Qualitatively, they are characterized by the same pat-
tern and less magnitudes than the resolved rms fields. It can be
noted, however, that the locations of their maxima are shifted to
the rich part of the jet, as it is shown in Fig. 10f, for example. As
a result, the total temperature rms fluctuations have higher values
close to the jet centerline.
(c)

(f)

l rms (c and f) ~nm
rms ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~nW2

rms þ ~nr2
rms

q
of the mixture fraction at axial locations of x = 15D

dashed), G3 (thin), G4 (bold dashed) and G5 (bold). Insets in (c and f) show residual



(a)

(b)

Fig. 8. Axial profiles of the centerline mean temperature (a) and the rms of temperature (b) compared with experimental data (symbols) for different grids: G1 (gray), G2
(dashed), G3 (thin), G4 (bold dashed) and G5 (bold).

(a) (b) (c)

(d) (e) (f)

Fig. 9. Radial profiles of the mean (a and d), the resolved rms (b and e) and the total rms (c and f) of temperature at axial locations of x = D and 2D compared with
experimental data (symbols) for different grids: G1 (gray), G2 (dashed), G3 (thin), G4 (bold dashed) and G5 (bold). Insets (c and f) show residual rms temperature profiles,eT r

rms ¼
ffiffiffiffiffiffiffiffiffiffi
hVT i

p
.
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Overall, the LES statistical results for the temperature are found
to be reasonably close to the experimental data suggesting that the
adopted SGS and combustion models are capable of representing
the SGS effects on the temperature field for the flame considered.

5.4. Molecular diffusivity

Radial profiles of the mean molecular and turbulent subgrid dif-
fusivities normalized by the jet reference values are shown in
Figs. 13–15. The mean molecular diffusivity essentially follows
temperature and is characterized by convergent behavior for G2–
G5 grids. The turbulent subgrid diffusivity, on the other hand, rap-
idly decreases in magnitude as the grids are progressively refined.
It is evident that the molecular diffusivity dominates the subgrid
diffusivity in the pilot region in the near field for all grids. Even
at the core of the jet (for r 6 0.5D), the molecular diffusivity is com-
parable to the subgrid diffusivity up to x = 7.5D for all but the
coarsest grid G1. Thus, the molecular diffusivity is an important
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Fig. 10. Radial profiles of the mean (a and d), the resolved rms (b and e) and the total rms (c and f) of temperature at axial locations of x = 3D and 7.5D compared with
experimental data (symbols) for different grids: G1 (gray), G2 (dashed), G3 (thin), G4 (bold dashed) and G5 (bold). Insets (c and f) show residual rms temperature profiles,eT r

rms ¼
ffiffiffiffiffiffiffiffiffiffi
hVT i

p
.

(a) (b) (c)

(d) (e) (f)

Fig. 11. Radial profiles of the mean (a and d), the resolved rms (b and e) and the total rms (c and f) of temperature at axial locations of x = 15D and 30D compared with
experimental data (symbols) for different grids: G1 (gray), G2 (dashed), G3 (thin), G4 (bold dashed) and G5 (bold). Insets (c and f) show residual rms temperature profiles,eT r

rms ¼
ffiffiffiffiffiffiffiffiffiffi
hVT i

p
.
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factor for the initial (close to the nozzle) flow pattern development.
It is remarked that jet flames can be affected significantly by
changes in the exit flow pattern as they propagate downstream
retaining the near-field ‘‘memory” [45]. As the jet develops the tur-
bulent subgrid diffusivity starts overcoming the molecular diffu-
sivity downstream after about a distance of 30D at the radial
locations greater than approximately 3D which is depicted in
Fig. 15. Nevertheless, the molecular diffusivity remains significant
throughout the flow domain up to radial distance of 4D for all rea-
sonably resolved grids.
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Fig. 12. Radial profiles of the mean (a and d), the resolved rms (b and e) and the total rms (c and f) of temperature at axial locations of x = 45D and 60D compared with
experimental data (symbols) for different grids: G1 (gray), G2 (dashed), G3 (thin), G4 (bold dashed) and G5 (bold). Insets (c and f) show residual rms temperature profiles,eT r

rms ¼
ffiffiffiffiffiffiffiffiffiffi
hVT i

p
.
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Fig. 13. Radial profiles of the molecular (a and c) and turbulent subgrid (b and d) diffusivities at axial locations x = 2D and x = 3D for different grids: G1 (dots), G2 (dashed), G3
(thin), G4 (bold dashed) and G5 (bold). Note that profiles of molecular diffusivity are also shown in (b and d) as gray lines to enable comparison.
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We note that the turbulent subgrid diffusivity shows somewhat
artificially high levels very near the centerline as the jet develops
downstream. The finer grid is employed the earlier the turbulent
subgrid diffusivity starts exhibiting this behavior. Such a peculiar-
ity can be attributed to the excessive values of the Smagorinsky
constant close to the centerline in regions where the resolved
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Fig. 14. Radial profiles of the molecular (a and c) and turbulent subgrid (b and d) diffusivities at axial locations x = 7.5D and x = 15D for different grids: G1 (dots), G2 (dashed),
G3 (thin), G4 (bold dashed) and G5 (bold).

(a)

(c)

(b)

(d)

Fig. 15. Radial profiles of the molecular (a and c) and turbulent subgrid (b and d) diffusivities at axial locations x = 30D and x = 45D for different grids: G1 (dots), G2 (dashed),
G3 (thin), G4 (bold dashed) and G5 (bold).
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Fig. 16. Conditional means of molecular (monotonic line) and turbulent subgrid diffusivities at axial locations of x = 3D, 7.5D, 15D and 45D for different grids. Note that
profiles of conditional molecular diffusivities are essentially coincident.
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velocity gradients are not high and show small changes in magni-
tude when they are computed at the test filter level. As a result, the
denominator in the Smagorinsky constant definition that depends

on the difference between the test-filtered strain rate jbeS jbeSij (multi-
plied by the square of the ratio of the test to grid level filters) and

the test-filtered resolved strain rate djeSjeSij becomes small. The pri-
mary cause for this in the current simulations is the specification
of the turbulence resolution scale which is taken to be
D = (DxDh)1/2, thus independent of resolution in the radial direc-
tion. Correspondingly, the test filtering is performed only in the ax-
ial and circumferential directions. It is expected that accounting for
Dr and filtering in the radial direction will alleviate this behavior of
the subgrid viscosity, and therefore, diffusivity near the axis by
increasing the difference between corresponding strain rate
tensors.

Figure 13 provides a qualitative explanation why the maximum
values of the mixture fraction and temperature rms fields increase
with the grid resolution in the jet rich region (r � 0.5D � 0.6D).
Here, the mixture fraction gradient in the radial direction is quite
large and is adequately resolved on all G2–G5 grids, as follows from
the convergence of the mixture fraction at this locations. The tur-
bulent subgrid diffusivity is comparable with the molecular diffu-
sivity and decreases strongly as one goes from G2 to G5. As a result,
the total diffusivity �qð eD þDTÞ is also decreasing which produces
less dissipation for finer grids and promotes higher values of the
rms of the mixture fraction and temperature. On the other hand,
in the lean region (r � 1.0D � 1.5D), the molecular diffusivity is
much higher than the subgrid one, ð�q eD � �qDTÞ, and essentially
is the same for all G2–G5 grids due to convergence. The mixture
fraction gradient in the radial direction is much less than in a mix-
ing layer between the jet fuel and the pilot products and more sen-
sitive to grid resolution. Higher values of the mixture fraction
gradient on finer grids tend to increase the scalar dissipation which
damps the rms fluctuations, while the role of the diffusion coeffi-
cient remains rather passive.

The relative importance of the molecular diffusivity can be fur-
ther highlighted by considering conditional statistics. Figure 16a–d
shows conditional means of the molecular and SGS diffusivities
with respect to temperature at four axial locations from x = 3D to
x = 45D. Conditional means are computed at each axial location
by binning temperature with a bin size of 6 K and taking the sam-
ple average of the accumulated diffusivity data in each bin.

It is seen that in the jet near-field, up to x = 7.5D, the molecular
diffusivity dominates the turbulent SGS diffusivity except at low
temperatures (less 500 K) and on the very coarse grid G1. For grids
G3–G5 the molecular diffusivity always exceeds its turbulent coun-
terpart for the whole temperature range. Farther downstream, at
45D, on the finest grid G5, the molecular diffusivity dominates
the turbulent diffusivity for temperatures above 1000 K.

6. Conclusions

LES of the piloted non-premixed Sandia flame D have been per-
formed on a series of grids with progressively increasing resolution
from 0.19 to 10.4 million cells, with the purpose of studying the
molecular diffusion effects in LES of a piloted methane–air flame.
The importance of the molecular diffusivity in the correct repre-
sentation of spatial transport has a profound effect on LES/PDF
combustion modeling.

In the present effort, a simple combustion model has been pro-
posed to parametrize reacting density and temperature in terms of
the mixture fraction and subgrid scale variance using quadratic B-
splines. As a result, two transport equations for these scalars need
to be integrated. Quadratic B-splines analytic approximations of
specific volume and temperature have been obtained based on a
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flamelet CHEMKIN simulation with a detailed chemistry mecha-
nism. These approximations eliminate the effect of interpolation
uncertainties on an LES solution. To study the LES statistics of tem-
perature, a model for the SGS temperature variance has been for-
mulated and tested. The model requires specification of the third
and the fourth SGS moments which were modeled by a standard
beta-pdf distribution. Generally, the adopted combustion model
is found to be capable to reproduce essential features of the tem-
perature field in Sandia flame D, especially on fine grids. The mean
temperature field exhibits grid convergence throughout the whole
flow domain, while the rms of the temperature is found to be non-
convergent in regions where it attains its local maximum values.

After having established an adequate prediction of the temper-
ature field, we analyzed the molecular diffusivity and compared it
to the turbulent subgrid diffusivity. Statistical results show that the
molecular diffusivity is important in the near-field of the jet where
it exceeds or is comparable to the turbulent subgrid diffusivity on
all reasonably resolved grids. As the region with the high turbulent
diffusivity grows farther downstream and moves away from the
centerline, the molecular diffusivity remains comparable in magni-
tude up to a distance of 4D in the radial direction. Finally, the con-
ditioning on temperature demonstrates the similar finding as the
flow-field analysis. The conditional mean values of the molecular
diffusivity always exceed the corresponding mean values of the
turbulent subgrid diffusivity in the near field except for the two
coarsest grids G1 and G2 and at low temperatures, less than
500 K. Overall, the results obtained suggest that molecular trans-
port should be treated accurately in LES combustion models in or-
der to correctly predict essential features of jet flames.
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