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Abstract-Calculations are performed for non-premixed, chemically reacting axisymmetric and
plane jets involving NO and 0,. The jet carries NO diluted with N2 into the stagnant surrounding
containing traces of 03 in the carrier gas N2. The concentrations of the reactants and products
are determined from Monte Carlo solutions of the joint PDF equation of two scalars (Shvab
Zeldovich variables). The hydrodynamics are determined from the continuity equation, time
averaged momentum equations and a two-equation model for turbulence. In order to compare
the Monte Carlo calculations and to estimate the effects of concentration fluctuations on the
reaction rate, finite-difference calculations were made on the averaged transport equations for
the same two Shvab-Zeldovich variables, with neglect of second-order effects on the reaction
rate. It is noted that for the passive scalar (first Shvab-Zeldovich variable) mean transport
calculations are advantageous, where the joint PDF formulation has the advantage of closing
the source term for the reactive scalar (second Shvab-Zeldovieh variable). This paper contains
mean velocity profiles, turbulence scales, the mean and all the second-order moments of scalars
calculated from joint PDF formulation.

INTRODUCTION

There is a continuing need to develop accurate theoretical tools to predict the behavior
of turbulent chemically reacting flows. Jn order to achieve this goal, the use of a
system which could give us a good physical understanding is important. The system
used here is the non-premixed isothermal reaction of NO and 03 diluted with N2.
This system has well known rate constants. The main reason for this choice is that
any uncertainty in the kinetics calculations would inhibit the evaluation of the errors
associated with our other turbulent-model assumptions. Note further that, while
the PDF evolution equation employed in this paper contains a modeled represen
tation of turbulent transport and of molecular mixing, the chemical kinetic rep
resentation is exact.

The flow field is determined from the continuity equation, the mean momentum
equation, and the k-E (Launder and Spalding, 1972) model of turbulence which
determines the turbulent viscosity. The errors associated with this turbulence model
have been reported (Ramos, 1980), but it has proven to be successful to some degree
for both reacting shear flows (Parker and Sirignano, 1981), and wall-bounded elliptic
type turbulent flows (Ramos et al., 1981). For the cases considered here, this model
seems to be satisfactory. The concentrations of the species involved can be deter
mined from a model equation for the joint PDF of the two Shvab-Zeldovich vari
ables. This kind of formulation does not need any model for the second-order
moments. The concentration of the species could also be determined from the
averaged transport equations of the same two Shvab-Zeldovich variables, but the
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60 P. GIVI, W. A. SIRIGNANO AND S. B. POPE

models for determinations of the scalar fluctuations are not very satisfactory. In a
chemical reaction, these fluctuations tend to decrease the formation rate of the
products. In order to estimate the effects of these fluctuations they were set to zero
in the mean transport equations. A comparison between the mean concentration
profiles of the products obtained from the averaged transport equation and the PDF
formulation and also the profiles of these moments would give us some useful infor
mation about the importance of these fluctuations. A finite-difference method (Pope,
1977) was used for the solution of averaged transport equations of the flow and the

. concentration fields. The PDF equation was solved by a Monte Carlo method
developed by Pope (1981).

In the next section, the flow field formulation and the treatment of the species
concentrations are described. The results for both axisymmetric and plane jet
calculations are presented in Section 3, where the summary and conclusions are
given in Section 4.

2 FORMULATION

Hydrodynamic Field

Figure 1 shows the geometries considered in this study. The particular jet configur
ation was chosen to correspond to an experiment which is to be developed. All the
equations in this section are presented in their nondimensional form. The coordinates
in physical space, x and r (x and y in plane jet), are normalized to Xand "'I, such that

X = Ja-1(x) dx (I)

Y
"'I = a(x)'

o ,;;; "'I ,;;; 3.0 for jets, (2)

yor r
and'L

(NOll'~ Q b--=--L~ ----
_____1 x and :x.

FIGURE 1 Geometry.



D
ow

nl
oa

de
d 

B
y:

 [C
or

ne
ll 

U
ni

ve
rs

ity
 L

ib
ra

ry
] A

t: 
03

:2
1 

20
 D

ec
em

be
r 2

00
7 

TURBULENT FLOWS AND REACTION 61

where y == r for cylindrical coordinates and Sex) is the distance to the location where
the velocity is half its center-line velocity. The mean velocity field is normalized by

V"(X, 1)) = vex, y)1 Vo(x)

V"(X ) = vex, y) _ V"(X )(~)
,1) Vo(x) ,1) 1) dx '

(3)

(4)

where Vo(x) is the mean center-line velocity and obviously varies with x. The
boundary-layer momentum equations were solved for axial velocity V, radial velocity
V, kinetic energy k, and eddy dissipation e. The turbulent viscosity is then determined
from

(5)

Concentration Fields

The chemical reactions employed include the reaction of NO in the jet and 03 in the
surrounding flow (see Figure I). The flow is diluted with N2 to make the process
isothermal and constant density. The flow is parabolic. The pressure, which is
constant, is determined from

Yj R
P = pRT'i,j- = p--T.

Wj WN,

The reaction between the species is one-step and is assumed to be irreversible,

(6)

(7)

(8)

(10)

With the boundary-layer approximations, incompressible flow with constant
properties and eq ual turbulent diffusion coefficients (i.e., rtj = r j l = constant = I'),
neglect of the body forces, bulk viscosity, and use of Fick's law, the time-averaged
transport equations are written as (Williams, 1965)

ec, ec, I a [ ec, ]
L(Cj) = V- + v- - - - rr- = <Wj),

ox oy r oy oy

where r == I for plane jet, and y == r for axisymmetric jet. Cj is the ensemble averaged
value of concentration of species j; Wj is the rate of the reaction of species i. and is
given by

<W1W) = <wo) = <-wo) = <-WNO) =-KtCNoCo, -Kt<CNO' co:), (9)

where c/ is the fluctuation of the concentration of species j and

m3

Kt = 9.28x 106 - - - 
kgmole-sec

Because of the linear dependence of the four species, they can be replaced by two
Shvab-Zeldovich variables as follows

.pI = [CNO + CNo,J/[(CNO)d or

.pI = [(Co,)",-(Co,)-(CNo,)l/(Co,)"" } (II)
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62 P. GIVI, W. A. SIRIGNANO AND S. B. POPE

which is a passive scalar, and a product concentration

</>2 = CNo,/(Co,)", or </>2 = Co,/(Co,)",.

Now we define

a = (CNo)z!(Co,)",

f3 = (Co,)",/(CN ,)",.

In terms of a and f3 and with use of Eq. (6), we have

L(</>l) = 0

L(</>2) = (W(</>l, </>2) = (f3o'(a</>1 - </>2)(1 - </>1 - </>2»,

}

}

(12)

(13)

(14)

where 0'=PKfIRT=4 X 105 sec-1 at atmospheric conditions. It is clearly seen from
(12) and (13) that once </>1 and </>2 are determined, then the concentrations of all the
species could be calculated. Neglecting the scalar fluctuations, we would have

Equations (14) and (15) could be cast into non-dimensional form by

~ = rlS* (axisymmetric) or ! = 1 (plane)
and

s* = Sex) (axisymmetric) or S* = 1 (plane)

",,*=--
UoS

r ,,*r* = -- = --, SCt = 0.7.
UoS SCt

Then the equations become

L* = U*~ + V* ~ - ~ ~(rr* ~).
oX o~ ~ o~ - o~

The boundary conditions are

} (16)

(17)

(18)

(19)

0(</>1) I = 0
o~ '1-0

0(</>2) I = 0,

8~ r~-o

(20)
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TURIlULENT FLOWS AND REACTION 63

Joint PDF Transport Equation

As mentioned before, all the information concerning the concentrations could be
found from the solution of <PI and <p2. Therefore, the joint PDF of <PI and <P2
[p(o/;, X, 1), t), 0/;=0/;1, 0/;2] would provide a complete statistical description of all the
scalars. The PDF is defined so that p(0/;1, 0/;2)do/;l d0/;2 is the probability of <PI and <P2
in the range

0/;1 < <PI < 0/;1 + do/;l

0/;2 < <P2 < 0/;2 + d0/;2. } (21)

The normalized modeled transport equation for the joint PDF of scalars for two
dimensional boundary layer flow is as follows (Pope, 1979):

(22)

where the last term on the right-hand side describes the molecular mixing term.
There are some models for this term (e.g., Pope, 1976; Dopazo, 1975) which are
not entirely satisfactory. Employing Curl's model (Curl, 1963) for this term, we have

E( of;t, 0/;2) = 4 JJp(0/;1 + 0/;1 *, 0/;2 + 0/;2*)

XP(o/;l - o/;t*, 0/;2 - 0/;2*)do/;l*d0/;2* - P(o/;l, 0/;2). (23)

It is assumed that the Reynolds number is so high that the rate of molecular
mixing is given by the lowest turbulence frequency:

(24)

(25)

and in non-dimensional form

<3
Q T* = QT-.

Uo

This model for molecular mixing seems to be satisfactory, because of its applica
bility to any number of scalars.

3 PRESENTATION OF RESULTS

The modeled PDF equation and mean transport equations were solved for
o~ x ~ SOD, where D is the diameter in the axisymmetric case and the distance
between the two plates in plane jet calculations. There were 48 finite-difference nodes
across the flow and the PDF was represented by an ensemble of 600 elements at each
nodal point. Some of the calculations were repeated with 100 grid nodes to check
that the truncation error was insignificant. The initial value of the velocity was set
to 40 m/sec uniformly across the jet exit. The value of D was set to 4 em, to make
the Reynolds number to be 1.6 X 105 at the exit. The initial values of k =k/[Uo(x)J2
and ~ = E<3(X)/[Uo(x)]3 were set to 0.05 and 0.02, respectively. The concentrations of



D
ow

nl
oa

de
d 

B
y:

 [C
or

ne
ll 

U
ni

ve
rs

ity
 L

ib
ra

ry
] A

t: 
03

:2
1 

20
 D

ec
em

be
r 2

00
7 

64

U(CM/S)

P. GIVI, W. A. SIRIGNANO AND S. B. POPE

Legend
x=o.O

X= D--
X=2, D-_ ...
X=5, D---
X=10, D........ " ..
X=20, D_._._-
X=30, D
'_0"_'"

X=50, D_.._...

o-I I I

a 2

FIG URE 2 Axisymmetric jet. V-velocity (em/sec) vs. ~.

0.15-,-----------------,

K

0.10

.........................

0.05 -1---:-::001',;"..,.,---3,.:y~---------1

0.00 -!-I-------,-----"-....;.:."f"""''''''''':..----

a 3

FIGURE 3 Axisymmetric jet. ~ vs. ~.
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Legend
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~~~'L
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TURBULENT FLOWS AND REACTION 6S

0.03 -,------------------,

£

0.02 -+----~:.n-------------l

...................

0.01

Legend
x=o.O

x= D--
X=2. D--...
X=5. D--
X=10. D....~ .
X=20. D_._--
X=30. D_..._...
X=50. D_.._...

3'12
0.00 -1-

1
------,---.::.-..:=.,-----1

o
FIGURE 4 Axisymmetric jet. !' vs. ~.

0 3 and NO were set to 0.1 and 0.2 percent, respectively. This would make a=2.0
amd ,80=400. The marching step in the x direction (t.x) was chosen to be very
small, t.x=0.025o(x), thus eliminating the source of truncation error. Some calcu
lations with smaller t.x were repeated to check the insignificance of the truncation
error. The results of the calculations for both cases are discussed separately.

Axisymmetric Jet Results

Figures 2, 3 and 4 represent the flow field profile. Although the k-e model of turbu
lence is well known not to predict the axisymmetric flows very well, it is qualitatively
acceptable for our purpose. That is, we expect that our major conclusions are not
dependent on the quantitative accuracy of the model. Figures 5 and 6 show the
<4>1) profile calculated from mean transport equation and joint PDF calculations,
respectively. From these figures it is seen that the results are very close and the only
differences between the two figures are due to the different numerical procedures
involved. The profile of <4>2) calculated from the mean transport equation with
neglect of second-order moments is shown in Figure 7, where the smoothed profile
of <4>2) from joint PDF formulation is represented by Figure 8. It is clear from
these two figures that the finite-difference calculation of the mean transport equation
predicts higher products formation and that it is simply due to neglect of the second
order fluctuations. These second-order moments tend to decrease the value of the
source term in Eq. (14) resulting in decrease of the products. These two figures show
the dependence of the product formations on the local Darnkohler number
{Da=(,80)/IUo(x)/o(x)]}. The value of Da at the jet exit is 0.2 and it increases to
about 0.93 at x= 10D. In the region of small Da(Da ~ I, 0 ~ x ~ 5D) we can see

c
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<[6 >
1

0.5

o

-..........."
"-. \ Legend

-, \
\\ x=o.O

. \ X= D

-.... \\ --
X=2. D

<, \\ -_ ...
X=5. D"'-. \\ ---
X=lO. D

- -, ....................

\~
X=20. D...... ----.................

,~. X=30. D

....................... ~
-"'-'"

X=50. D

........~~.
_.._...

f---_____

-- <,\ .~

~:=:=:::=::~:::~ ---- ,.<\...'"
:::::::::-~?-~7_~~:~.::::::::~<,

I I I

o 2 3

FIGURE 5 Axisymmetric jet. <</>1) vs.~. Mean conservation equation.

3'l

X=50. D_.._.,.

X=20. D----

X=2. D-_ ...
X=5. D---
X=10. D...................

X= D--

X=30. D._..._...

Legend
x=o.O

2o
o-f--------,J...-----'=;;;=-.......iMa.----i

0.5 -

FIGURE 6 Axisymmetric jet. <</>1) vs.~. Joint PDF equation.
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0.6 ---r------------;====;l

3

X=2. D--_ ..

X=10. D.. ..
X=20. D-'-'--
X=30. D_..._...
~9~.,.

X= D--
X=5. D---

Legend
x=o.o

2o

~: .
0.4 - .

"<, ".'.... .....
-,~-- ......

O3 -1'-... ./.... . ...... ...... -'...... . ......
......><.~ " ...."

.r" """ ...~ .....•

02 -V' "' /" <, "
. 1'--...... .' <, '"....... / "',. \ .

..................~ ~~" <. >,. ...... ,/ ". '\.
0.1 - / ;r--........ . ' ~~ '\./., // ~ -=~~ ~~ :"

/., ..../ ~:.::::-~~-:::-,<.......
I I I

FIGURE 7 Axisymmetric jet. (92) vs.~. Mean reaction rate model.
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FIG URE 8 Axisymmetric jet. (92) vs.~. Joint PDF model.
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68 P. mYI, W. A. SIRIGNANO AND S. B. POPE

that little reaction occurs and therefore a small amount of product is formed. It
should be noted that the Dam kohler number as chosen is not the relevant choice for
the first few diameters of length. That is, in the initial region where a core flow
surrounded by a mixing layer exists, the mixing layer thickness rather than jet diam
eter is the correct length to employ in the calculation of a Dam kohler. However,
such a calculation would only make the Dam kohler number smaller in the initial
region and not change any of the conclusions. On the other hand, in the region
where x is greater than30D(Da=7.19;i> I) <cP2) adopts its equilibrium value and after
this point it diffuses to small values, and no more reaction appears. In the inter
mediate region (D(J~ 1.0, x~ laD) it is clear from these figures that reaction pro
ceeds at a rate similar to the order of the turbulence frequency 0.1' . In other regions
where the Damkohlcr number is not very much greater than I, the reaction is diffusion
Iimited and also proceeds at a rate close to the turbulence frequency. As mentioned
before, the only difference between these two profiles is due to the presence of the
second-order moments, which arc shown in Figures 9-11. The profile of <cPl' cPl')
rises to some maximum and then decreases with increase in 'I. It diffuses more and
more in 1] direction as we move along .v until it tends to zero further downstream,
as one might expect. The profile of <cP2' cP2') is shown in Figure 10. A comparison
between Figures 9 and 10 shows the difference between the fluctuations of the con
served and the reactive scalar. Comparing Figures 10 and 8 shows that the maximum
of <cP2' cP2') is at the same place as the largest <1'2) gradient. This effect can be
explained by the fact that the fluctuations would be greatest at the point of maximum
gradient. The profiles of <cPl' cP/) arc zero at the jet boundary and before X= laD
all of these profiles decrease monotonically to negative minimum values and then
monotonically increase to their positive maximum values and decrease monotonically
again to zero. Before X= laD all of these profiles pass through the zero point at
I .;; 'I .;; 1.2. After x=20D they have positive values throughout the range of'l.

To examine the effects of these fluctuations more, Figure 12 is presented. This
figure shows the profiles of <cP2), solved from the mean transport equation of <cP2)
where all the second order moments calculated from Monte Carlo solution of the
joint PDF formulation are substituted back in the source term in Eq. (14). From
this figure it is clear that the mass flow rate of the product predicted by this
model is less than that of the other two methods for Darnkohler number greater
than O.93(x;;;' IOD); however, for Dam kohler numbers less than this value the
amount of mass flow rate predicted by this model is between the other two models.
This model is essentially a second-order closure model where all the moments arc
calculated from the joint PDF calculations. The differences between this model and
Monte Carlo calculations are basically due to different numerical methods involved.

The Curl model of molecular mixing is well known to present some unrealistic
behavior in the details of the PD F, in particular various delta functions tend to be
created. While some trust can be placed in the representation of the mean quantities
and moments derived from the PDF, little value is seen in displaying the joint PDF
graphically for either the axisymmetric or the planar case.

Plane Jet Results

The k-e model of turbulence predicts the flow profile as shown by Figures 13, 14
and 15. Comparing Figures 3 and [4 shows that the kinetic energy of turbulence is
generally higher for axisymmetric flows. Comparison of Figures 4 and 15 also
shows the higher rate of dissipation for the axisymmetric flows. Figures 16 and 17
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FIGURE 9 Axisymmetric jet. ('p,' ,p,') vs.~. Joint PDF model.
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FIGURE 10 Axisymmetric jet. (</>2' <p,) vs.~. Joint PDF model.
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FIGURE 11 Axisymmetric jet. <./>1' 4>,') vs.~. Joint PDF model.
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FIGURE 16 Plane jet. <4>1> vs.~. Mean conservation equation.
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FIGURE 17 Plane jet. <'/>l> YS.~. Joint PDF equation.
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FIGURE 19 Plane jet. <<P2> VS.~. Joint PDF model.
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FIGURE 23 Plane jet. <4>,> vs.~. Corrected reaction rate.

show the <'PI) profile calculated from mean transport and joint PDF equation
respectively. Their slight differences are again due to different numerical solution
procedures. <,/>2) profile calculated from both methods is presented by Figures 18
and 19. Again the mean transport equation predicts higher product formation. It
is clear from these two figures that after SOD, <,/>2) has not yet adopted its equilibrium
value (Da=4.99 at x=SOD) and the reaction is, to some level, proceeding at a rate
similar to turbulence frequency. For complete reaction, we still have to go more
than SOD. Second-order moments for plane jet are shown in Figures 20-22. The
<'PI' 'PI') profile has the same trend as axisymmetric case. The <<P2' <P2') has a slightly
higher value for plane jet calculations. From Figure 21 it is clear that after SOD
this value is still significant and is not diffusion limited. The <<pI' <P2') profile for this
case is shown in Figure 21. The general trend is as before. Before x= 10D, all the
profiles go monotonically to their negative minimum and then monotonically they
increase to their positive maximum and then monotonically decrease to zero. After
X= 10D, all the profiles go to zero at I .;;"l';; 1.2. Again, all of these moments calcu
lated from joint PDF formulation are substituted back in the source term of the
mean transport equation. The resulting profile of the product is presented in Figure23.
It is shown from this figure that the mass flow rate of product obtained by this model
is less than the other two for Damkohler numbers greater than 1.2 (x ~ IOD) and
the amount of the mass flow rate predicted by this model for Darnkohler numbers
less than 1 is between those obtained from the other two models.
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4 SUMMARY AND CONCLUSIONS

77

Calculations have been presented for plane and axisymmetric turbulent jets involving
the reaction between NO and 03. The flow field is calculated from the boundary
layer equations in conjunction with the k-e turbulence model. The species concen
trations are calculated from two different models. In the first model, the mean
species concentration equations are solved by a finite-difference technique, and the
effect of turbulent fluctuations on the reaction rate is ignored. In the second model,
a transport equation for the joint PDF of the species is solved by a Monte Carlo
method.

The calculations reported show that the neglect of species fluctuations in the
mean-flow closure leads to a significant underestimation of the mean reaction rate.
Thus, the PDF transport equation is advantageous in that it accounts exactly for the
effect of species fluctuations on the mean reaction rate. The extension of the mean
closure to include the effects of fluctuations is possible by adding modeled equations
for the second moments. But these equations involve unknown third moments.
Curl's model for molecular mixing is chosen because of its applicability to any number
of scalars involved and it seems to be satisfactory to some degree. However, it only
involves integral turbulent time scales, and models which account for finer turbulence
time scales should be sought to represent this term.

Measurements of mean and fluctuating species concentrations in these reacting
flows would be of great value. They would enable a quantitative assessment of the
models to be made.

NOMENCLATURE

C, concentration of the species j (mean value)
c/ fluctuation of concentration of the species j
Da Damkohler number
I jet exit
k turbulent kinetic energy
P pressure
p probability density function
R universal gas constant
SCt turbulent Schmidt number
T temperature
U, V axial and radial velocity components
Wj molecular weight of species j
.v, )', r coordinates
Yj mass fraction of species j

Greek Symbols

p density
x, T) non-dimensional coordinates
e eddy dissipation
Wj rate of production of species j by chemical reaction
,p1,,p2 Shvab-Zeldovich variables (scalar quantities)
.pI, .pz scalar space
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ILl turbulent viscosity
I' turbulent dilTusion coefficient
<) ensemble average
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