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Abstract

For turbulent flames containing significant turbulence–chemistry interactions, the accuracy of PDF
model calculations depends on the accurate representation of the chemistry and on the mixing model
(including the value of the mixing-model constant, C/). In recent work, Cao and Pope demonstrated that
accurate calculations of the Barlow and Frank piloted jet flames D, E and F are achieved using the GRI3.0
mechanism and the EMST mixing model (with C/ = 1.5). In the present paper, further PDF model calcu-
lations (using GRI3.0) are performed in order to investigate the performance of three mixing models
(EMST, IEM and MC) and their dependence on the specified value of C/. It is shown that all three models
are capable of yielding levels of local extinction (quantified by a burning index) comparable to the exper-
imental observations, but this is achieved using C/ = 3.3 for IEM, and C/ = 3.8 for MC (compared to
C/ = 1.5 for EMST). However, in these calculations with IEM and MC, the mixture fraction variance
is significantly underpredicted: only the EMST model is capable of calculating accurately both the
observed burning indexes and the mixture fraction variance. The findings of this study, the first compar-
ative study of mixing models in the Barlow and Frank flames, are related to previous observations.
� 2006 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
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1. Introduction

For the computational modeling of turbulent
combustion, the PDF method has the significant
advantage of treating the chemical reaction source
term exactly without modeling [1]. Its ability to
calculate the complex non-linear interactions
between turbulence and chemical reactions have
been clearly demonstrated in many previous
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PDF calculations (e.g., [2–12]). However, in the
PDF method, the effects of molecular diffusion
are represented by one of several available mixing
models. In previous studies, different combina-
tions of mixing models and reaction mechanisms
have been used, and our understanding of their
performance remains incomplete.

The collaborative comparisons of measured
and calculated results conducted within the frame-
work of the Turbulent Non-premixed Flames
(TNF) international workshop [13] greatly facili-
tate research work in this area. Detailed scalar
and velocity measurements on the well-defined
piloted methane/air jet flames reported by Barlow
and coworkers [14–17] facilitate the quantitative
ute. Published by Elsevier Inc. All rights reserved.
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evaluation of the chemical mechanisms and mix-
ing models. There are many previous modeling
studies of the Barlow and Frank flame D, but few-
er [2,4,7,8,12] which include flame E or F, in
which chemistry–turbulence interactions are more
pronounced.

The recent study by Cao and Pope [12] pro-
vides a good understanding of the influence of
chemical mechanisms on PDF calculations of
these flames. The current work is complementa-
ry, in that the emphasis is on studying the per-
formance of different mixing models. It has been
shown that accurate calculations of flames D, E
and F are obtained using the Euclidean Mini-
mum Spanning Tree (EMST) mixing model
and the GRI3.0 mechanism [18], but not if some
simpler mechanisms are used. Consequently, to
minimize the uncertainty in the accuracy of the
chemical mechanism, in the present study we
use the GRI3.0 mechanism [18], which includes
53 species and 325 reactions, and is considered
to be the most comprehensive and accurate
methane mechanism available at this time.
Results are presented from a series of calcula-
tions of flames D, E and F using three different
mixing models: The Interaction by Exchange
with the Mean (IEM) model [26,27]; the modi-
fied Curl (MC) model [24,25] and the EMST
model [23]. Only the EMST model is local in
the composition space [23].

For the Barlow and Frank flames, this is the
first comparative study of two or more mixing
models, and it is also the first investigation of
the performance of mixing models in combus-
tion with the detailed GRI3.0 mechanism. Com-
parative studies of mixing models have
previously been performed for the Delft III
flame [19]; for lifted hydrogen jet flames [11];
for a counterflow flame [20]; in direct numerical
simulations [21]; and in a partially stirred reac-
tor [22]. The general observation is that (with
the same value of C/) the three models can yield
quantitatively different results (e.g., in scatter
plots), and that the EMST model generally has
a lower level of conditional fluctuations and is
more resilient to extinction.

The effect of the mixing model constant C/ has
previously been investigated in the Barlow and
Frank flames [5,7], and in other flames
[3,11,19,20]. It is found that increasing the value
of C/ generally yields a higher conditional mean
temperature and hence a more strongly burning
solution. More comparison and discussion of the
current and previous work will be presented later
in Section 5.

In the next section, the PDF methodology used
in the current work is briefly introduced. The Bar-
low and Frank flames and the series of calcula-
tions performed are described in Section 3. The
results are presented and discussed in Section 4,
and the conclusions are drawn in Section 5.
2. PDF methodology

The current work is complementary to [12] and
all models and parameters used are identical to
the base case described in [12]. These models
and parameters are briefly listed here for reader’s
convenience: details can be found in [12].

The joint velocity-turbulence frequency-com-
position PDF method [28] is used, in which the
simplified Langevin model (SLM) [29] models
the evolution of the particle velocity. The stochas-
tic frequency model of Van Slooten et al. [30] is
used for the turbulence frequency of particles,
which provides the time scale of turbulence. These
models are the same as those used in many previ-
ous studies using the joint PDF method, e.g.,
[7,8,10–12,31–33]. The value of the model con-
stants are the same as those used in [11,12,31–
33]. The only difference in the constants used in
earlier calculations of these flames [7,8] is that
there Cx1 is set to 0.56 (compared to Cx1 = 0.65
here). A detailed discussion and comparison of
these calculations can be found in [12].

In PDF methods, the effect of molecular diffu-
sion on the composition is represented by a mix-
ing model. The most commonly used mixing
models, and those considered here, are the EMST
[23], MC [24,25] and IEM [26] (also known as
LMSE [27]) mixing models. In each of these mod-
els the rate of mixing is determined by the con-
stant C/. This is defined such that in the
simplest case (of a statistically homogeneous con-
served passive scalar) each model (using the same
value of C/) yields the same rate of decay of scalar
variance.

Radiative heat loss is accounted for using an
optically thin limit radiation model [8]. The com-
putations presented here use a code named
HYB2D [11,12,31–33] which implements a hybrid
finite-volume/particle algorithm. In the hybrid
algorithm, the PDF/particle method (particle
part) is coupled with a finite-volume solver (FV
part). The FV part solves the mean conservation
equations for mass, momentum, energy and the
mean equation of state; and the particle part
solves the modeled transport equation for the fluc-
tuating velocity-turbulence frequency-composi-
tion PDF. The FV part provides mean fields of
velocity, density and pressure to the particle part
and obtains the turbulent fluxes and reaction
source terms from the particle part.

The in situ adaptive tabulation (ISAT) algo-
rithm [34] is used to implement the chemistry giv-
en by the different mechanisms. A parallel
algorithm for the particle part of HYB2D, named
domain partitioning of particles [11], is imple-
mented using MPI.

The numerical parameters used for the current
work are the same as those used in [12]. It has
been shown in [12] that these numerical parame-
ters ensure that the numerical errors are generally
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no greater than 2% (with respect to the peak val-
ue) for the conditional mean temperature and
major species, and 5% for the conditional mean
minor species, at all investigated locations for
flame E.
3. Calculations performed

The flames considered in this paper are the ser-
ies of non-premixed piloted methane/air jet flames
investigated by Barlow and Frank [14], termed
flames D, E and F. These flames are statistically
steady 2D axisymmetric, and non-swirling. A
polar-cylindrical (z, r) coordinate system is used
with the origin at the center of the fuel jet at its
exit plane. The computational solution domain
is rectangular, of extent (0,80D) in the axial (z)
direction, and (0,20D) in the radial (r) direction,
where D is the diameter of the jet (D = 7.2 mm).
The boundary conditions and parameters used
for the calculations are the same as the base case
of [12].

Calculations have been performed of all three
flames, D, E and F, although results are pre-
sented only for flame E. The value of C/ is
set to 1.5, 2.0, 2.5, 3.0, 3.3, 3.5, 3.8 and 4.0
for different cases. The calculated results have
been extensively compared with the measure-
ments at axial locations of z/D = 1, 2, 3, 7.5,
15, 30, 45, 60 and 75. The quantities investigat-
ed and compared to the measurements are
velocity, mixture fraction, temperature and the
mass fractions of H2O, CO2, N2, O2, CH4,
CO, H2, OH and NO. The statistics examined
include conditional and unconditional means
and rms’s, scatter plots and burning indexes.
4. Results

Due to the limitation of the space, only calcu-
lations of flame E, which has a significant amount
of local extinction but is not too close to global
extinction, are presented in this paper. The
conclusions drawn based on these results have
been verified with the calculations of flames
D and F. The results presented are focused on
the axial locations z/D = 7.5, 15 and 30, where
most significant local extinction is observed.
Unless otherwise stated, the results presented are
obtained using the detailed GRI3.0 mechanism.
More results can be found in the Supplementary
material.

The calculations of flame E using the EMST
mixing model (with all values of C/ used) yield
‘‘burning solutions’’, i.e., flames in which essen-
tially all the fuel is converted to products far
downstream (z/D P 60). In contrast, with IEM
a burning solution is obtained for C/ = 3.3, but
there is global extinction for C/ 6 3.0. Similarly,
MC yields a burning solution for C/ = 3.8, but
extinction for C/ 6 3.5.

4.1. Calculations of the velocity field

The velocity fields display reasonable agree-
ment (not shown, but see Section 3 of the Supple-
mentary material) with the measurements for all
‘‘burning solutions’’. This includes calculations
of flames D, E and F using different mixing
models and/or different values of mixing model
constant C/. The differences between these
calculations are negligible.

4.2. Calculations of burning indexes and mixture
fraction

Figure 1 compares calculations and measure-
ments of burning indexes (BI) based on T, CO
and OH as functions of axial distance. As defined
previously in [7,12], BI is the ratio of the condi-
tional mean of the quantity in a mixture fraction
interval around stoichiometric to the correspond-
ing value in a mildly strained non-premixed lami-
nar flame. Thus, for product species, BI � 1
corresponds to complete combustion and BI = 0
corresponds to no burning.

In the calculations shown in Fig. 1, the stan-
dard value C/ = 1.5 [7,12] is used with the EMST
mixing model; whereas with IEM and MC the
smallest values yielding burning solutions are
used, namely C/ = 3.3 and 3.8, respectively. These
values yield the closest agreement with the exper-
imental data.

It can be seen that all three calculations gener-
ally have reasonable agreement with the measured
BI(T) and BI(CO) except that the IEM calcula-
tions yield higher BI(CO) at z/D = 7.5 and 15.
The BI(OH) obtained from calculations using
IEM and MC are significantly higher than
those obtained from EMST calculations and
measurements.

The value of C/ sensitively affects the calcu-
lations of BI, and the values used for the differ-
ent models in Fig. 1 are those which yield the
closest agreement with the measured BI. But
most fundamentally, the value of C/ affects
the level of scalar fluctuations, which are exam-
ined in terms of the rms of mixture fraction (n 0).
Figure 2 shows radial profiles of the mean and
rms mixture fraction (all the mean and rms mix-
ture fraction in this paper are Favre mean) from
the calculations with the three mixing models
(again with C/ = 1.5 for EMST, C/ = 3.3 for
IEM and C/ = 3.8 for MC).

One can see from Fig. 2 that the EMST calcu-
lations are in good agreement with the experimen-
tal data both for the mean and rms mixture
fraction at all locations. On the other hand, the
IEM and MC mixing models significantly under-
predict the rms mixture fraction at all locations
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Fig. 2. Radial profiles of Favre mean and rms mixture
fraction in flame E at z/D = 7.5, 15 and 30 obtained
using EMST, IEM and MC with different values of C/.
Circles are the measurement and lines are joint PDF
calculations: red solid, EMST with C/ = 1.5; green
dashed, IEM with C/ = 3.3; blue dotted, MC with
C/ = 3.8. (For interpretation of the references to color
in this figure legend, the reader is referred to the web
version of this paper.)
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Fig. 1. Axial variation of Burning Indexes in flame E
obtained using EMST, IEM and MC with different
values of C/. Solid circles are the measurements and
lines are joint PDF calculations: red solid with plus,
EMST with C/ = 1.5; green dashed with triangle, IEM
with C/ = 3.3; blue dotted with square, MC with
C/ = 3.8. (For interpretation of the references to color
in this figure legend, the reader is referred to the web
version of this paper.)
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and overpredict the centerline value of the mean
mixture fraction at z/D = 30.

4.3. Comparison of different mixing models

4.3.1. Maximum rms of mixture fraction and C/

To study further the effects of C/, we consider
n0maxðzÞ, defined as the maximum rms mixture
fraction over the radial profiles at z. Figure 3
shows n0max plotted against C/ obtained using the
different mixing models. Besides calculations
using the detailed GRI3.0 mechanism, also shown
in Fig. 3 are calculations using the MC mixing
model with a five-step mechanism reduced from
GRI2.11 [35,36].
With the exception of the EMST model with
C/ = 1.5, it may be seen that each model yields
a monotonic, approximately linear, decrease of
n0max with increasing C/, as expected from the pri-
mary role of C/ in controlling the rate of scalar
dissipation. There are however secondary effects,
through the mean density and scalar flux, which
account for the non-monotonic behavior of
EMST, and for the differences between EMST
and the other models.

The values of n0max obtained from the calcula-
tions using EMST with C/ = 1.5 agree with the
measurements very well, whereas those obtained
from the IEM and MC mixing models are signif-
icantly smaller than the measurements. Further
decreasing C/ in the IEM and MC calculations
using GRI3.0 yields globally extinguished solu-
tions. However, the behavior of MC at smaller
values of C/ can be investigated by using the
five-step mechanism [35]. The reason is that the
five-step mechanism has much shorter (13–820
times) ignition delay times than those of the
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GRI3.0 mechanism, and hence it is more resilient
to extinction than GRI3.0, and yields burning
solutions for C/ P 2.0.

As may be seen from Fig. 3, these MC/five-step
calculations show n0max decreasing approximately
linearly with increasing values of C/. Similar
behavior is observed for the IEM calculations
using the five-step mechanism (not shown).

4.3.2. Burning indexes and the maximum rms of
mixture fraction

To illustrate the capability of different mixing
models to calculate both the burning indexes
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Fig. 3. Maximum rms of n against C/ obtained using
EMST, IEM and MC with the detailed GRI3.0 mech-
anism and the reduced five-step mechanism from
GRI2.11. The horizontal dashed lines represent the
experimental data and lines with symbols represent the
PDF calculations. Red solid with plus, EMST with
GRI3.0; green dashed with triangle: IEM with GRI3.0;
blue dotted with square, MC with GRI3.0; magenta with
diamond, MC with the five-step mechanism. (For
interpretation of the references to color in this figure
legend, the reader is referred to the web version of this
paper.)
and the rms mixture fraction, Fig. 4 shows the
burning indexes of CO against n0max obtained from
calculations using different mixing models with
different values of C/.

It is clearly shown in Fig. 4 that, with the use of
the detailed GRI3.0 mechanism, although the
IEM and MC calculations are capable of yielding
reasonable agreement with the measured burning
indexes, only the EMST calculations are capable
of predicting both the burning indexes and n0max

accurately.

4.4. Scatter plots and calculations of NO

For the calculations using the three different
mixing models (EMST with C/ = 1.5, IEM with
C/ = 3.3, and MC with C/ = 3.8), the scatter
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Fig. 4. Burning indexes of CO against the maximum
rms of n obtained using EMST, IEM and MC. The solid
circles represent the experimental data and lines with
symbols represent the PDF calculations using different
mixing models: red solid with plus, EMST; green dashed
with triangle, IEM; blue dotted with square, MC. (For
interpretation of the references to color in this figure
legend, the reader is referred to the web version of this
paper.)
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plots of temperature and species mass fractions
against mixture fraction have been extensively
compared (but are not shown because of space
limitations, see Section 5 of the Supplementary
material). There are no significant differences
found between the calculations with the different
mixing models. This is different than the observa-
tions in the PDF calculations of the H2/N2 lifted
flames [11], where obvious differences are
observed in the scatter plots from calculations
using the three different mixing models with the
same value of C/ = 2.0.

The only exception to the above is that, as
shown in Fig. 5, the calculations using the IEM
mixing model yield higher levels of the mass frac-
tion of NO than those of the EMST and MC cal-
culations (for z/D 6 30). Although the GRI3.0
mechanism is considered to be the most compre-
hensive and accurate methane mechanism current-
ly, it is known [5,12,37,38] to overpredict NO.
This is also true for the current calculations as
shown in Fig. 5. Nevertheless, the conclusion that
IEM yields higher values of NO than do EMST
and MC remains significant.
5. Discussion and Conclusions

From the present computations using the
GRI3.0 mechanism, the principal observations
on the relative behavior of the three mixing mod-
els are as follows:

(1) The burning index (BI) increases as C/ is
increased.

(2) For the EMST model, the value of
C/ = 1.5 results in generally accurate calcu-
lations of both BI and the rms of mixture
fraction n 0.

(3) For IEM and MC applied to flames D and E,
a larger value of C/ (3.3–3.8) is required to
obtain the observed levels of BI, and this
leads to lower rms mixture fraction n 0 than
is observed experimentally.

(4) For IEM and MC applied to flame E, a sta-
ble, burning flame is not obtained with
C/ 6 3.0; and for flame D and IEM a burning
flame is obtained for C/ = 3.0 but not for
C/ = 2.0. (These conclusions pertain to the
ARM1 mechanism, whose performance has
been shown [7,12] to be quite similar to
GRI3.0.)

(5) When the value of C/ is chosen to
yield the observed levels of BI, with one
exception, the conditional means given by
the three mixing models are comparable
(although EMST is noticeably more accu-
rate) and the scatter plots have similar
appearances.

(6) The exception to the previous conclusion is
that the IEM model yields significantly higher
values of NO (for z/D 6 30).

We now relate these findings to those of previ-
ously reported PDF calculations of these and
other flames. In so doing, it is important to appre-
ciate that the calculations (the burning index in
particular) depend sensitively on the chemical
mechanism used, as well as on the mixing model
and the value of C/.

The original calculations of Xu and Pope [7],
based on the ARM1 mechanism [36] and EMST,
are consistent with the above conclusions. They
support, (1), (2) and (4) (in that burning solutions
could not be obtained using IEM, presumably for
C/ 6 3.0).

The calculations of Lindstedt et al. [2] use
Lindstedt’s reduced mechanism and MC with
C/ = 2.3. The fact that these calculations of
flames D, E and F are in good agreement with
the data (including BI and n 0) appears to be in
conflict with (3) and (4). These findings could,
however, be reconciled if the mechanism used in
[2] were significantly ‘‘faster’’ and more resilient
to extinction than GRI3.0.

Raman et al. [5] performed calculations of
flame D only, using ARM1, GRI 2.11, GRI 3.0
and IEM. They obtained stable flames for
C/ = 2.4, but not for smaller values—consistent
with (4).
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In a different methanol flame, Lindstedt and
Louloudi [3] investigated the effect of increasing
C/ from 1.7 to 3.0 in MC and observed the
same monotonic increase in BI as observed
here (1).

While the present work is the first to investi-
gate the performance of more than one mixing
model in the Barlow and Frank flames, Merci
et al. [19] investigated all three models (IEM,
MC and EMST) in the Delft III flame using
a C1-skeletal mechanism. Their findings are
generally consistent with ours: with C/ = 2.0
IEM yields extinction; MC yields a lifted flame;
and only EMST correctly yields an attached
flame. Increasing C/ to 3.0 yields an attached
flame for MC, but not for IEM. However, in dis-
tinction to (2), they find that for EMST with
C/ = 1.5 the rms mixture fraction is somewhat
overpredicted.

In the current work, more than 20 accurate
PDF calculations with detailed GRI3.0 chemistry
have been performed in a reasonably short time.
This again demonstrates that this PDF/ISAT
methodology can be effectively applied to turbu-
lent flames using chemical mechanisms with of
order 50 species.
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Comments
Bart Merci, Ghent University, Belgium. There is a
non-monotonic evolution toward the experimental data
of rms (n) as C/ is decreased with the EMST mixing
model. Is there an explanation for this observation?
Could it be related to the fact that scalar dissipation rate
is not necessarily directly proportional to C/?

Reply. We are confident that the non-monotonic
behavior at x/D = 15 and 30 observed in Fig. 3. is a true
model prediction (as opposed to numerical error). While
the precise origin of this behavior has not been identi-
fied, there are several possibilities. The most likely is that
as C/ is increased from 1.5 to 2.0, the level of local
extinction decreases and the changed mean density leads
to an increase in rms (n).

d

Daniel C. Haworth, Pennsylvania State University,

USA. The effect of mixing models has been addressed
in this paper, and chemical kinetics has been addressed
earlier [1]. Can you comment on the importance of the
level of closure in PDF-based calculations of piloted
jet flames? For example, here a velocity–composition–
frequency PDF has been used, while other researchers
have used a composition PDF with a Reynolds-stress
turbulence closure, or a composition PDF with k–e tur-
bulence closure.

Reference

[1] R.R. Cao, S.B. Pope, Combust. Flame (2005) 450–
470..

Reply. We have so far focused on chemical mecha-
nisms and mixing models because, as far as the combus-
tion is concerned, these are the most important sub-
models in our velocity-frequency-composition PDF
methodology. It is, however, correct to observe that
another difference between our calculations ([7,8,12] in
paper) and those of Lindstedt et al. ([2] in paper) is the
level of PDF closure (velocity-frequency-composition
compared to composition). It seems that there have been
no published comparisons of the different levels of PDF
closure applied to the Barlow and Frank flames using
the same chemical mechanism and mixing model. This
is a useful area for future research.

d

Larry Baxter, Brigham Young University, USA. Dur-
ing the question and answer session, you outlined an
argument that the remaining discrepancies between
model predictions and measurements, especially with re-
spect to NO, arise from inadequacies in chemical kinet-
ics as opposed to conceptual or mathematical
inaccuracies in the modeling approach. Please summa-
rize this argument again and indicate where, if at all,
residual model weaknesses apparent by comparison to
data may lie.

Reply. The PDF calculations of the Barlow and
Frank flames using the GRI 3.0 mechanism and the
EMST mixing model (with C/ = 1.5) reported here
and in Cao and Pope ([12] in paper) agree well with
the experimental data, except with respect to NO. The
laminar flame calculations of Barlow et al. ([38] in paper)
for the same fuel/air mixture and using GRI 3.0 show a
similar over prediction of NO. It is for this reason that
we conclude that the discrepancy between the calculated
and measured NO levels in the turbulent flames is due to
deficiencies in the NO chemistry in GRI 3.0.


	The effect of mixing models in PDF calculations  of piloted jet flames
	Introduction
	PDF methodology
	Calculations performed
	Results
	Calculations of the velocity field
	Calculations of burning indexes and mixture fraction
	Comparison of different mixing models
	Maximum rms of mixture fraction and C phi 
	Burning indexes and the maximum rms of mixture fraction

	Scatter plots and calculations of NO

	Discussion and Conclusions
	Acknowledgments
	Supplementary data
	References
	Comments
	bibl18


