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Abstract

In this paper, a weak second-order accurate mid-point scheme for the stochastic differential equations (SDEs) arising
in the composition PDF method for turbulent reactive flows is proposed and tested. The results are compared with two
other schemes which are commonly used in the composition PDF method. In contrast to most higher-order schemes for
SDEs, the present scheme uses a mid-point, which makes it especially suitable for the implementation of the position-
advance fractional step in the composition PDF method. The scheme can also be applied to the PDF method used in
conjunction with large eddy simulation (LES), since the SDEs considered in this paper include explicit time dependence
of the drift and diffusion coefficients. Test calculations are reported, including a 2D unsteady case, to demonstrate the
weak second-order accuracy of the scheme and to compare its performance to that of two first-order schemes. A new
methodology for developing higher-order scheme for SDEs (by comparing the moments of the increments of the nu-
merical approximation with those of the exact increments) is used to develop this scheme.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

In application to turbulent reactive flows, PDF methods have the advantage of providing full infor-
mation on the turbulent fluctuations, and hence of avoiding the closure associated with non-linear chemical
reactions. The PDF calculations of Xu and Pope [27], Tang et al. [23], and Lindstedt et al. [12] clearly
demonstrate the ability of PDF methods to account accurately for strong turbulent-combustion interac-
tions such as local extinction and re-ignition. Background information on PDF methods is provided by
Pope [19,21]. Examples of recent composition PDF calculations are provided by Tsai and Fox [24], Mobus
et al. [15], James et al. [8], and Nooren et al. [16].
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The modeled PDF transport equations are usually solved numerically by particle methods. For the com-
position PDF method, there are two different approaches. In the “node-based” approach [18], there is a finite-
difference mesh in physical space, and at each node of the mesh the PDF is represented by an ensemble of
particles. In the “distributed-particle” approach [19], the particles are continuously distributed in physical
space. The node-based approach has the inherent limitation that it has only first-order spatial accuracy;
whereas a simple implementation of the distributed-particle approach yields second-order spatial accuracy.
Hence, although it is somewhat more difficult to implement, the distributed-particle approach is preferred.

In the distributed-particle implementation of the composition PDF method, there are a large number of
particles, each of which has a position X(z) and a composition ¢(¢). The position X(¢) of a particle evolves
by the stochastic differential equation (SDE)

dX(¢) = (fj + évn) dt + (2I1/(p))"/*dW, (1)
where U is the Favre-mean velocity, (p) is the mean density, I'y is the turbulent diffusivity, and W(z) is a
vector-valued Wiener process. The coefficients in Eq. (1) are evaluated at the particle location. (Pope [21]
provides an introduction to SDEs in the context of PDF methods.) This SDE can be written in the more
general form

dX(¢) = D(X[], 1) dt + B(X[f], t) dW, (2)

where D(X[f],7) and B(X[], ) are the drift and diffusion coefficients, respectively. Both of these coefficients
include an explicit time dependence, which must be included for unsteady solutions that arise, for example,
in the use of PDF methods in conjunction with LES [2,7].

We are not concerned here with the details of the composition equation, and so we write it simply as

900 _ Aol X10.1). o)
The function A on the right-hand side represents the effects of reaction and mixing.

The coupled equations (1) and (3) for X(#) and ¢(¢) can be conveniently integrated numerically (from
time ¢, to ty + At¢) by the following splitting scheme:

1. Eq. (1) is integrated for a time 1Az to obtain X'/?, an approximation to X(f, + 1A¢).

2. Eq. (3), with the right-hand side approximated by A(¢[1], X"/?, 1, + 1At), is integrated for a time A, to

obtain an approximation to ¢(¢ + At).

3. Eq. (1) is integrated from #y + Az to # + At to obtain an approximation to X(z + Ar).

This scheme has two favorable properties. First, if each equation is integrated (separately) with second-
order temporal accuracy, then the overall (coupled) scheme is second-order accurate. Second, at each stage,
the coefficients in the equations are evaluated at the particle’s current location. (On the second step, typ-
ically a splitting scheme is used for reaction and mixing, possibly using sub-stepping.)

The objective of this work is to develop a second-order accurate scheme for integrating Eq. (1) that can
be used in the splitting scheme described above, i.e., a mid-point scheme.

The construction of higher-order numerical schemes for SDEs is considerably more involved than is the
case for ODEs. In recent years there has been much interest in designing numerical methods for stochastic
differential equations (SDEs). A comprehensive account of the theory and a compendium of schemes is
provided by Kloeden and Platen [10]. Although there are many methods for solving different types of SDEs
with different properties, e.g. [1,3-6,9,10,14,17,20,25], there is no higher-order mid-point scheme available
for the general class of SDE considered here (Eq. (2)). (Li and Modest [11] try to modify and apply the
scheme introduced by Welton and Pope in [25] to the general case, but it has been shown [13] that the
modified scheme is inconsistent with the SDE in general.)
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The second-order scheme developed here is compared to two simpler first-order schemes. The first is the
explicit Euler scheme, which is generally used in PDF methods. The second we refer to as the modified
Euler scheme. In the degenerate case of the diffusion coefficient being zero, this method becomes the
standard mid-point scheme for ODEs, which is second-order accurate. But in general (with non-zero dif-
fusion coefficient) the modified Euler scheme is first-order accurate.

Depending on the level of statistical errors arising from the finite number of particles, it may or may not
be beneficial to use a higher-order scheme, especially if it is computationally expensive. Because of this fact,
it is rare to find higher-order schemes being put to practical use for the solution of stochastic differential
equations in Monte Carlo methods: second-order accuracy is usually considered a good compromise be-
tween efficiency and accuracy [9].

Although motivated by the composition PDF method, the second-order accurate scheme developed
here is applicable to any SDE of the form of Eq. (2), and hence it may be useful also in other appli-
cations. (Eq. (2) is not the most general SDE possible, since the diffusion coefficient is taken to be a
scalar.)

We will begin in Section 2 by describing the three schemes mentioned above for the numerical inte-
gration of Eq. (2). These schemes are: the Euler scheme, the modified Euler scheme, and the weak
second-order mid-point scheme. All of these schemes are tested and compared (in Section 4) by reference
to a 2D unsteady turbulent test flow which is described in Section 3. Finally, conclusions draw from these
results in Section 5. A new methodology for developing higher-order scheme for SDEs (by comparing the
moments of the increments of the numerical approximation to those of the exact increments) is used to
develop this scheme. This methodology, and the analysis of developing the new scheme, are shown in
Appendix A.

2. Description of different schemes
2.1. Strong and weak convergence

Following [10], we introduce the definitions of strong and weak convergence and accuracy, and fol-
lowing [25] we argue that weak convergence and accuracy is appropriate in the context of PDF methods.

We consider the solution X(7') to the general SDE of the form of Eq. (2) after time T from the deter-
ministic initial condition X(0) = X°. This can be written as the Ito integral of Eq. (2):

X(7) :XO—I—/OTD(X[t],t)dt—i—/OTB(X[t],t)dW(t). @)

We also consider a numerical approximation to X(7'), denoted by Y(7'), which is obtained by approxi-
mately integrating Eq. (2) in a sequence of time steps of size At.

First we consider a particular given sample path of the Wiener process. Given W(z), there is no ran-
domness in Eq. (4), and hence none in X(7'). The numerical approximation Y(7) can be obtained by using
increments of the given Wiener process; and, for the scheme to be consistent, Y(7') must converge to X(7')
as Ar tends to zero. The numerical scheme is deemed to be strong pth-order accurate if the error
e=|X(T) — Y(T)| is of order A?#, i.e.,

IX(T) — Y(T)| < CA?, (4

for some constant C which may depend on 7 and W(¢) but is independent of A¢. This definition of strong
pth-order accuracy is the same as that used for ODEs. And as with ODEs, it follows that the error made on
each step must be of order A+
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In the second way of regarding Eq. (4), the sample path W(¢) is not known, but is drawn from the
distribution of Wiener processes. In this case X(7) is a random variable. The numerical approximation
Y(T) is obtained using samples of Wiener-process increments, and therefore is also a random variable. In
this case, it is meaningful only to consider the convergence of X(7) and Y(T) in distribution. Such con-
vergence is most conveniently analyzed in terms of means (g(X[7])) of test functions g(x).

For the class of test functions considered, g(x) is bounded, infinitely differentiable, and its behavior as
|x| tends to infinity is such that the existence of means is not in question. Based on these ideas, the
numerical scheme is deemed to be weak pth-order accurate if the error ¢, = |(g(X[T])) — (g(Y[T]))| is of
order A7, i.e.,

[(¢(X[T])) — (¢(Y[T]))| < C,AZ, (6)
where C, may depend on g and T but is independent of At.

In PDF methods, an ensemble of statistically identical particles is tracked for the purpose of estimating
mean quantities. Hence it is weak accuracy that is relevant in this context.

2.2. The Euler scheme

Eq. (4) is the Ito integral of Eq. (2). The simplest numerical method to integrate this equation ap-
proximately is the explicit Euler scheme in which the solution is advanced from time #, to #, + At by

X(to + At) = Y(ty + At) = X(ty) + D(X[to), o) At + B(X[to], 1) At'/¢, (7

where Y(¢) + Af) is the numerical approximation to the exact value X(# + A¢), and { is a standardized
Gaussian random vector (({) = 0, ({;{;) = d;;). This method is only first-order accurate.

2.3. The modified Euler scheme

If the diffusion coefficient is zero (B = 0) in Eq. (2), then the stochastic differential equation degenerates
to the ordinary differential equation (ODE)

dX
< = DX[1, ). (8)

This can be integrated numerically by the second-order accurate mid-point scheme:
X'? = X(ty) + IAD(X[to], 10), 9)

X(to + At) = Y(to + At) = X(t9) + AD (X', 4 + 1A7). (10)

In the general case with a strictly positive diffusion coefficient, the modified Euler scheme is defined to be
the above mid-point scheme, with a diffusion added to the final step. Thus, the scheme is

X' = X(t9) 4+ 2AD(X[10], 19), (11)
X(to + At) = Y(ty + At) = X(tg) + D (X't + 1A¢) At + B(X'?, g + 1At) As'/*C. (12)

For the general case (B > 0), this scheme is weak first-order accurate.
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2.4. The weak second-order mid-point scheme

In Appendix A, by comparing the moments of the increments of the numerical approximation with those
of the exact increments, we develop a weak second-order accurate mid-point scheme for the numerical
integration of Eq. (2).

This scheme is defined for the general step from time ¢, to £ + Az from the initial condition X(¢)) = X°.
The result, Y(t + At) = X’ + AY, is a weak second-order approximation to X(z + At) = X + AX. This
claim is substantiated in Appendix A where it is shown that this scheme satisfies the sufficient conditions for
a scheme to be weak second-order accuracy.

The scheme involves one mid-point (i.e., an approximation to X(# + %At)) which is denoted by M and three
independent standardized Gaussian random vectors, denoted by ¢, &, and #, which have the following
properties:

(€)= (&) =) =0, (13)

<CiCj> = <fi§/> = <’75’7}> = 0yj. (14)
A derived zero-mean random tensor N;; is also used in this scheme, which is defined by

Ny(n) = nin; — 6y (15)
The weak second-order mid-point scheme is defined by

M = X’ +1AD° + (LAm) %, (16)

X(ty + Af) = Y(to + At) = X" + AY, (17)

AY; = ADY + [BABM] (& + ) + AN (n) — (340 PN (E + ), (18)

where the superscripts and subscripts “0” and “M” denote quantities evaluated at the initial point (X°, ),
and at the mid-point (M, 7, + 1Ar), respectively. The quantity b is defined as the square of the diffusion
coefficient

b=B, (19)

and its spatial derivative are denoted by

bi=a (20)

The final term in Eq. (18) introduces the symmetric second-order tensor g;; which is defined by

8ij = B(BiB;+ BB ;) —3B(Dij+ D;;) = ib™'(bib; + bybx0yy) — 3b'(Dy; + Dyy), (21)
with
oD;
D, =—. 22
o ax/ ( )

The accuracy and efficiency of these schemes are examined in Section 4.
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3. Numerical test case

Computations were performed for a sequence of 1D and 2D test cases of increasing complexity in order
to measure the numerical error (as a function of Ar) incurred by the three schemes considered.

Test cases with different ratios of the drift term and the diffusion term were investigated, including two
extreme cases: the pure drift problem (in which the diffusion term is set to zero) and the pure diffusion
problem (in which the drift term is set to zero). These tests confirm that the present scheme is strong second-
order accurate for the pure drift problem and weak second-order accurate for the pure diffusion problem.

It suffices to describe here the final case in the sequence, which is an unsteady 2D flow with circular
streamlines. The test case is described in this section, and the results of the tests are shown in the following
section.

While the particle method and SDE integrations are performed in Cartesian coordinates (x,x;), the flow
is naturally described in polar coordinates (r, ), with x; = rcos 0 and x, = rsin 0. The coefficients in the
SDE Egq. (1) are (p), U, and I'r. The density is taken to be unity. The velocity field corresponds to an
unsteady flow with circular streamlines,

Ul(xl,X2,t) = —u()(r, t) sin@, (23)
Uz(xl,.XZ,t) = MU(V, t) COS@, (24)
where (following Yeung and Pope [28]) the circumferential velocity is specified as
1 =3 43E)" — (©)°(1 4+ cos4r)/2 for r<n
t) = T P P ’ 25
o(r, 1) { 0 otherwise. (25)

The turbulent diffusivity is specified to be
Ir(x1,x2,8) = (1 +1sinr) (1 + cos 27) /2. (26)

Each particle in the computation has a Cartesian position X(¢) = {X,(¢),X2(¢)}, and a corresponding
radial position

R(t) = X(1)| = ()X (1), (27)

In addition, each particle has a scalar composition ¢(¢) which is conserved, i.e., d¢/d¢ = 0. The initial
composition ¢(0) is set deterministically based on the particle’s position as

$(0) = (n? — 2) exp [ - gR(of] . (28)
The mean composition is defined by
D(r,1) = ((1)|R(1) = 1), (29)

i.e., as the mean of ¢(¢) conditioned on the radial location of the particle.
It is readily deduced (e.g., from the composition PDF equation) that, for the flow considered, the mean
composition evolves by the standard diffusion equation

o 10 0P

A (0)
with the initial condition corresponding to Eq. (28) and the boundary conditions (0¢/0r),_, =0
and &(co,f) =0. An extremely accurate numerical solution to this equation was obtained using
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Crank—Nicolson [22], followed by Richardson extrapolation. This is taken as the “‘exact” solution against
which the particle-method solutions are compared. (Eq. (28)) was chosen so that Eq. (30) has an analytic
solution for the case I't = constant, which is an earlier test case.)

Fig. 1 shows the evolution of the mean composition &(r,¢) computed from Eq. (30). We take T = 1 to be
the reference time at which to measure the numerical errors (and thus to be the duration of the particle-
method computations). It may be seen from Fig. 1, that at # = 1, the mean composition is negligible beyond
r =13, say.

The particle method computations are performed in a square box of side 6n with periodic boundary
conditions. Given that the velocity is zero beyond r = &, and that @ is very small beyond » = 5, this box (of
half-side 3w &~ 9.4) is sufficiently large so that the solution @(r,¢) (for r < 5, t < 1) corresponds to that in an
infinite domain.

Each simulations is performed with 40,960 particles. To specify the initial conditions, the solution do-
main is divided into square cells by a uniform 64 x 64 grid, and then 10 particles are placed randomly in
each cell with a uniform distribution. In order to reduce the statistical error in estimates of means obtained
from the particles, for a given case (i.e., given scheme and value of Ar), 4000 statistically identical but
independent simulations are performed, to yield effectively 4000 x 40,960 =~ 1.6 x 10® particles per case.

In order to extract information on the mean composition, the radial coordinate is divided into cells of
length Ar = 31/32, so that the kth cell (k > 1) extends from » = (k — 1)Ar to r = kAr. In the x;—x, plane,
the kth cell corresponds to an annulus of width Ar, and outer radius kAr. For a given case at time ¢, let N, (¢)
be the number of particles in cell £, and let S;(¢) be the sum of the particle values of ¢ in the cell. Then

By (1) = Si(1)/Net), (31)
i.e., the arithmetic mean of ¢ of particles in the cell, is an approximations to the cell mean
kAr
Jioar 7®(r, 1) dr

(
kAr
f(k—l)Ar rdr

(32)

&, (1)

]
1
—_-
(6]

~N 0N

)]
I

—_
W wwwu

SSS0000

I
1
—_
(LN
o

(r,t)

6 8 10

Fig. 1. Evolution of the mean composition @(r,¢) obtained from the solution to Eq. (30).
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The numerical error at the reference time 7'(z = 1) is then defined as
& = |B(T) — §(T)). (33)

In general, in a PDF particle method, the numerical error (e.g., ¢ ) arises from: bias; statistical error;
spatial truncation error; and temporal truncation error [26]. In the present case the bias is zero (since the
particles are independent), and there is no spatial truncation error (since the coefficients, e.g., U, are
evaluated exactly at particle locations, not interpolated from a grid). The large effective number of particles
(=~ 1.6 x 10%) is chosen so that the statistical error is small, but it is not insignificant compared to the
temporal truncation error (for small A¢ with the second-order scheme). It is important, therefore, to
construct confidence intervals.

The confidence intervals shown in the figures below are 95% confidence intervals based on the as-
sumption that &,(7) (Eq. (31)) is normally distributed. Given the large number of particles involved
(=~ 1.6 x 10%), ensemble means can be expected to be normally distributed and this was confirmed directly
for a few cases. Thus the upper and lower confidence intervals for &),((T ) are given by

O\ (1) = ®(t) + Kon6s/v/Ni(1), (34)
O} (1) = By(t) — Kupabi/V/Ni(0). (35)

10
k (b) rk

6 r
(c) 10 kK

Fig. 2. The convergence of different schemes: (a) Euler scheme; (b) modified Euler scheme; () second-order scheme. Computed cell
mean composition @, (1) against cell radius r; at =1 for different values of time step: O, Ar =1; &, Ar=1/2; x, At =1/3; +,
At =1/4; -, At = 1/6; and solid lines: exact value @;(1).
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Here N,(¢) is the number of particles in cell k; K, , is a constant corresponding to the confidence interval
1 —a(eg., K,p =196 fora=0.05, corresponding to a 95% confidence interval); and 6 is the estimation of
the SD of &, (¢) which is obtained by

s 24— ()’
‘ Ni(2) '

(36)

4. Results and discussion

Not all of the calculation results can be shown here because of space limitations. The conclusions,
however, are supported by the results given. All of the figures shown in this section are based on the three
schemes described in Section 2 and the test case described in Section 3.

4.1. Accuracy

Fig. 2 shows the cell mean compositions @k(l) (computed) and &, (1) (exact), plotted against the cell-
center radius 7, = (k —1)Ar, for different schemes and for different time steps. Figs. 2(a)—(c) are the Euler
scheme, the modified Euler scheme, and the second-order scheme, respectively. The overall converging
tendency may be seen in this plot, and the following observations can be made. First, the second-order
scheme and the modified Euler scheme clearly have small errors than the Euler scheme. Second, the error
changes sign at different places for different schemes. Third, the values of @, are very small beyond » = 5.

10° 107 —
e
= [ ] B ’./ ’/
101 .../’ & - !l,z
™ .. ”‘,/, 10 ’,/ EE /,
] - ’ L
w10—2 - .’.’ - /, . . f ,,/ o
E P - Pid ] . - P w
ol -7 e 107} .,
107} -
1 - —2 1 0 10_4 -2 —1 0
(@ 10 10 At 10" (b) 10 10 At 10
10” —
P
’/‘,/
. PPt
10 "/" ,!
™ e ,i
) e h
107}~ .
—4
10
(©) 107 107" At 10°

Fig. 3. The absolute error & = |@;(1) — ®;(1)| for different values of Az at the third cell. (a) Euler scheme; (b) modified Euler scheme;
(c) second-order scheme. Dash dotted line: line with slope 1; dashed line: line with slope 2; @ &;; and error bar: 95% confidence interval.
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Fig. 4. The absolute error & = |@;(1) — ®,(1)| for different values of Az at the 13th cell. (a) Euler scheme; (b) modified Euler scheme; (c)
second-order scheme. Dash dotted line: line with slope 1; dashed line: line with slope 2; @ ¢;3; and error bar: 95% confidence interval.

To determine the consistency and the order of accuracy, we plot the errors g, (Eq. (33)) against Af on a
log-log plot so that the slope of these test points represents the order of accuracy of the scheme. For these
plots we select the representative cells £ = 3 and 13, which are removed from the locations where the error
changes sign, and at which the value of &,(1) is at least two orders higher than the statistical error. (The
exact values are @;(1) = 0.8729 and @,5(1) = 0.1032, respectively. The 95% confidence interval is of order
1073).

The errors &;(1) and ¢3(1) are shown in Figs. 3 and 4 together with their 95% confidence intervals. Both
figures support the same conclusions. It may be seen that, for both the Euler and modified Euler schemes,
the error ¢/(1) increases linearly with Az (i.e., with slope 1 in the figures), showing that these schemes are
first-order accurate. However, compared to the Euler scheme, the magnitude of the errors in the modified
Euler scheme is significantly smaller. (Note that different scales are used in the plots for these two schemes.)
In contrast, it may be seen that ¢ (1) increases as A¢* (i.e., slope 2 in the figures) for the weak second-order
scheme, confirming that it is indeed second-order accurate. (The plateau observed for small At reflects the
statistical precision of the test; the confidence interval extends to zero.)

4.2. Efficiency

We now compare the efficiency and other characteristics of different schemes.

The most efficient algorithm is that which produces the numerical solution to a specified accuracy at a
minimum computational cost. In the composition PDF method, the overall computational cost C for a
scheme to obtain the result within a specified error tolerance ¢ can be defined as

CE Cx+C¢ :N(8)(Cx+C¢), (37)
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Table 1
Number of time steps N, (&) required to yield a relative error & /®;(1) less than the relative-error tolerance ¢ (for the standard test case
for cell k)

Ni(¢) Euler scheme Modified Euler scheme Second-order scheme
N;(0.1) 3 1 1
N3(0.01) 40 5 3
N;(0.001) 476 45 7
Ni3(0.1) 6 1 1
N13(0.01) 64 22 5
Ni3(0.001) 520 180 10

where the Cx and Cy are the overall costs for the position-advance and composition calculations, respec-
tively; cx and ¢, are the corresponding costs per step; and N(¢) is the number of time steps required for the
scheme to satisfy the specified error tolerance e.

It may be seen, then, that the relative efficiency depends on three parameters: N(g), cx, and cy. While
N(e) and cx depend on the position-advance scheme, ¢, does not.

We can consider the two extreme cases in which the ratio ¢, /cx is very large and very small. The first case
corresponds, for example, to the composition being composed of many reactive species, so that the com-
putational effort is dominated by the composition equation, i.e., C ~ N(¢)c,y. Thus, for this case, the cost is
simply proportional to the number of steps required, N(¢). Table 1 shows the number of steps required by
the different schemes to achieve relative errors of 10%, 1%, and 0.1% at the two reference cells (k = 3 and
13). It may be seen that the modified Euler scheme requires fewer steps than the Euler scheme by a factor
between 3 and 10. Since both of these schemes are first-order accurate, this conclusion holds for all error
levels. The second-order scheme becomes more advantageous as the error tolerance is decreased. Compared
to the modified Euler scheme, the second-order scheme requires fewer steps by a factor of 2-4 for a 1%
error tolerance, and by a factor of 6-18 for a 0.1% tolerance.

For the second case, in which the composition-advance work C, is negligible, the overall cost is
C =~ N(¢)cx. To compare the cost of different schemes, we need therefore to assess their relative costs per
step (cx). Table 2 compares the attributes of the three schemes (and a scheme of Kloeden and Platen [10]
which is discussed below). Shown in the table are: the number of random numbers required per step; and
the number of coefficient evaluations required per step, which are sub-divided into local (e.g., by), first
spatial derivative (e.g., &%), second spatial derivatives (e.g., bl“lg) and temporal derivatives (e.g., by). The cost
per step cx is estimated as being proportional to the sum of the number of random numbers and coefficient

Table 2

Attributes of different schemes
Per step Euler scheme Modified Euler Second-order Kloeden scheme

scheme mid-point scheme

Random numbers 3 3 9 6
Local coefficients 4 7 8 4
First spatial derivatives 0 0 12 12
Second spatial derivatives 0 0 0 9
First temporal derivatives 0 0 0 4
Sum 7 10 29 35
Relative cost, cx 1 1.4 4.1 5

The computational cost per step cx is estimated as being proportional to the sum of the number of random number and coefficient
evaluations required per step.
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Table 3
Relative computational work Cx = N(¢)cx required to yield a relative error g /®,(1) less than the relative-error tolerance ¢ (for the
standard test case for cell k)

Cell, k Relative error Euler scheme Modified Euler Second-order
tolerance, ¢ scheme scheme
3 0.1 3 1.4 4.1
3 0.01 40 7 12.3
3 0.001 476 63 28.7
13 0.1 6 1.4 4.1
13 0.01 64 30.8 20.5
13 0.001 520 252 41

evaluations per step. For the Euler, modified Euler and second-order schemes, the values of cx are esti-
mated to be in the ratios 1:1.4:4.1.

Table 3 shows the estimate of Cx, obtained by multiplying N(¢) from Table 1 by cx from Table 2. It may
be seen that the modified Euler scheme requires less work than the Euler scheme by a factor of 2-7. The
relative cost of the modified Euler scheme and the second-order scheme depends on the specified error
tolerance. With a 1% error tolerance the schemes have comparable cost, with the second-order scheme
becoming advantageous as the error tolerance is decreased.

In the case of complex grids in which the derivatives are relatively expensive to evaluate in terms of
computational cost, the implementation cost of the second-order scheme may be significantly higher than in
the case considered above, in which the computational cost of each numerical operation (derivatives,
random numbers, etc.) are taken to be comparable.

5. Conclusions

We consider the stochastic differential equations in the form of Eq. (2) arising in the composition PDF
method (as Eq. (1)). A weak second-order mid-point scheme has been developed for the numerical inte-
gration of these equations. The scheme consists of Eq. (18) for the increment in the process, which involves
coefficients evaluated at one mid-point, and three independent standardized Gaussian random vectors. In
contrast to most higher-order schemes for SDEs, this scheme uses a mid-point, which makes it especially
appropriate for the implementation of the position-advance fractional step in the composition PDF
method. The scheme can also be applied to the PDF method used in conjunction with large eddy simulation
(LES), since the SDEs considered in this paper include explicit time dependence of the drift and diffusion
coeflicients.

The second-order mid-point scheme has been tested in a sequence of 1D and 2D test cases of increasing
complexity in order to test its consistency and weak second-order accuracy. The final test case, i.e., an
unsteady 2D turbulent flow with circular stream line, is described in Section 3 and the results are shown in
Section 4. The results are compared with Euler scheme and modified Euler scheme which are commonly
used in the composition PDF methods. The analysis of developing this scheme is shown in Appendix A.

The Euler scheme is the simplest scheme and can be used in simple applications, or if the work of
programming is the primary consideration.

The modified Euler scheme is better than the Euler scheme for most applications based on the following
reasons. First, it is a mid-point scheme and therefore suitable for the splitting scheme in the composition
PDF method. Second, the overall calculation cost of the modified Euler scheme is much less than that of the
Euler scheme (for given accuracy). Finally, it is also easy to be implemented since only a slight modification
need to be made on the Euler scheme.
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For complex applications (e.g., with many reactive species) or if a small error tolerance (e.g., <0.1%) is
required, then the importance of the computational cost increases so that the second-order scheme becomes a
good choice since its overall calculation cost is much less than that of the first-order scheme in this situation.

The weak second-order mid-point scheme proposed in the paper has several advantages when compared
with other weak second-order scheme available now for the SDEs in the form of Eq. (2). First, it is mid-
point scheme which is particularly appropriate for the PDF method. Second, it does not require the
evaluation of the temporal derivatives for the coefficients (which are difficult to get in the PDF method).
Third, only the first spatial derivatives are needed. A second-order scheme for the SDEs in the form of Eq.
(2) is briefly stated in Appendix B. This scheme is not appropriate for the applications of the composition
PDF method because of the above reasons.

In the development of this new scheme, a new methodology is used by comparing the moments of the
increments of the numerical approximation with those of the exact increments. This method provides a
different way of developing higher-order schemes for the stochastic differential equations. It is illustrated in
Appendix A by using it to develop the second-order scheme proposed in this paper.
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Appendix A. Development of the weak second-order scheme

In this section, we present the details of the development of the weak second-order mid-point scheme
(Egs. (16)—(18)) described in Section 2.4. The present analysis is based on the contents of Sections 1 and 2,
including notation introduced there.

A.1. Sufficient conditions for weak second-order accuracy

In this Section, we consider the numerical integration of the the general SDEs in the form of Eq. (2). A
sufficient condition for weak pth-order accuracy is that the error incurred on each step be of order A#*!. To
make this precise we consider the general step from time # to time ¢y + A¢ with the deterministic initial
condition X(#) = Y(t) = X°. Then the requirement is

[(g(X[to + Af])|X(to) = X°) — (g(Y[to + Af))[Y(to) = X")| < C, A, (A.1)
This requirement can be re-expressed in terms of the increments in X and Y which are defined by

AX = X(t + Ar) = X° (A.2)
and

AY = Y(to + At) = Y = Y(tp + Ar) — X°. (A3)

A Taylor series expansion then yields

g(X[to + Af]) = g(X* + AX) = g° + gIAX; + 3¢} AXAX; - - -, (A4)

2!

where g denotes dg/0x; evaluated at X°, etc. Substituting Eq. (A.4) for g(X[ty + Af]) and the analogous
expansion for g(Y[t + Az]) into Eq. (A.1), we obtain the sufficient condition for weak pth-order accuracy

gi((AX)) — (AY)) + 385, ((AXAX)) — (AYAY))) -+ | S C, AT (A.5)
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It is shown below that for » being a positive even integer (including zero), the nth (i.e., even) moments of AX
are of order A2, and the (n + 1)th (i.e., odd) moments are of order A¢'*"/2. In particular,

(AX;) = O(Av), (A.6)

(AX,AX;) = O(At), (A7)

(AXAX,AX;) = O(AP), (A8)

(AXAX,AX,AX)) = O(AP), (A.9)
and

(AXAXAX,AXAX,) = O(AP). (A.10)

Thus sufficient conditions for the numerical scheme to be weak second-order accurate are: that the first four
moments of AY approximate those of AX with an error of order A#’; and that the fifth and higher moments
be at most of order A£.

In the following two sections: the coefficients in the series expansions for the moments of AX are de-
termined; and it is shown that the moments of AY given by the weak second-order accurate scheme (Egs.
(16)—(18)) of Section 2.4 satisfy the sufficient conditions given in this section.

A.2. Moments of AX

To simplify the notation, and without loss of generality, we consider the step from ¢ = 0 to ¢t = At (i.e.,
to = 0), from the deterministic initial condition X(0) = 0. (The step from #, to # + Az with initial condition
X(#) = X° can be transformed into this simpler form.) The increment AX over the time step is simply

AX = X(Af) — X(0) = X(A?). (A.11)

The moments of X(¢) can be determined from its PDF which is denoted by f(x;¢). More generally, means of
functions of X(#) can be obtained from

(O(X[1) = / O(x)f (x;1) dx, (A12)

where the integration is over all x. Expanding f in a Taylor series about # = 0 yields
. 1 .
oxia) = [ o) {fo T A+ EAtzfo} dx + O(AP), (A13)

where f; denotes f /0t evaluated at ¢t = 0, etc.
Now X(#) evolves by the SDE Eq. (2), so f(x;¢) evolves by the corresponding Fokker—Planck equation

([10]

. d o’ 1
f= a% = =5 D% 0]+ 55 {2ﬂ)(x, t)}, (A.14)

from the initial condition

So(x) = f(x;0) = d(x), (A.15)
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where
b(x,1) = B(x,1)". (A.16)
In view of this initial condition, the first term in Eq. (A.13) is

[ oisdx =0, = 00) (A17)

The coefficient of the second term in the series equation (A.13) is

/Q(X)fodXZ/Q(X){—i[fDiFr%be]}odx:/{f R

= D0+ on,” (A.18)
where a subscript or superscript “0” indicates evaluation at x = 0.
The third term in the series involves f which is obtained by differentiating Eq. (A.14)
. d r. . 1
Fe=—a D+ 1D +5 = axl [f + 1], (A.19)

and then substituting Eq. (A.14) for f. When the result is substituted for the third term in Eq. (A.13) and
integrated, the resulting coefficient is

/Q fo fDODOQ +1D°D°Q += DOQ +1b0(D° 0% +2D),0% + D)0

ijj UJ)

1 1
+ D) (B°0% + b Q%) + 5 bOQ" += bo(b(’ O +20°0% + bo0'y).- (A.20)

4 Siij

The series expansions for moments of X(¢) are obtained by substituting the corresponding moments of x

for Q. For example, the series for (X,X,) is obtained by substituting Q = x,x,. In this case, Q and its first
derivatives,

(xpXg) ; = XpOgi + Xq0pi, (A.21)
make no contribution since they are zero at the origin (x = 0). The second-derivative terms,
(xpxq),zj/ = 0pi0gj + 04i0p) (A.22)

are non-zero for x = 0 and hence lead to non-trivial contributions. Third and higher derivatives are zero.
So, in general, contributions to an mth moment arise solely from terms containing an mth derivative of Q.
Since the highest derivative of Q in the first three terms of the series is a fourth derivative, it follows im-
mediately that fifth and higher moments have no contributions from these terms and hence are at most of
order A£.
Explicit evaluation of the series (from Egs. (A.13), (A.17), (A.18), and (A.20)) for the first four moments
of AX = X(A¢) yields
(AX,) = AiD) + AP {1D°D° +1bD° 4

277 pJ PJj

%Dg} + 0(AP), (A.23)

<AXpAXq> = Atb()épq + AP {DSDZ + %bo(Dqu + Dg,p) + %5qu(])b?/ + %bobgjépq + %boépq} + @’(AR),
(A.24)
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(AX,AXAX, ) = APLby (D30, + iy + D}oyg) + W0(B 00 + b3 + B3) | + C(AP), (A.25)
(AX,AX,AX,AX,) = AP by (g0rs + 01pOgs + Ops0) + O(AL). (A.26)

A.3. Moments of AY

The weak second-order mid-point scheme Egs. (16)—(18) proposed in Section 2.4 is analyzed by deter-
mining the moments of AY. It is shown that these agree with those of AX (Egs. (A.23)—(A.26)) to order A#?,
thus establishing the scheme’s weak second-order accuracy.

As before, to simplify the notation and without loss of generality, we take #, = 0 and X’ = 0. In the
evaluation of the moments of AY, we will use the first and second moments of M in many places. From the
definition of M (Eq. (16)) with X° = 0, these moments are determined to be:

(M;) =1AD) = O(Ar), (A.27)
(M:M;) = JAthyd;; + AP D)D) = JAthyd;; + O(AF). (A.28)

Thus we have

(MiAt) = 1ALD) = O(AP). (A.29)

A.3.1. First moments
The mean of AY, (Eq. (18)) is:
(AT, = A DY) + (BAB™] (G, + 1)) + (A ) (V) — (A0 ) (& ). (A30)

Note that the last three terms on the right-hand side can be decomposed as the product of two means
because M is independent of & and #; and these terms then vanish, because the means of &, , and N,, are
zero. The remaining term is

(ax,) = a(D}Y). (A31)
The coefficient (Dﬂ‘} can be expressed in terms of the moments of M by expanding (D?‘} in a Taylor series
(D)) = Dj 4+ D} (04} + 40, (M) + D5 (A1) + C(AP). (A.32)

Substituting Eqgs. (A.27) and (A.28) into the above two equations yields

(AY,) = ADY + AP (lD‘?DO +1poD"

27 pJ PJJj

+ ;Dg) + O(AP), (A.33)
which agrees with Eq. (A.23) for (AX,) to order A
A.3.2. Second moments

Several results needed in the evaluation of the second moments of AY are:

(m:Niw) = (mimme) — i) = 0, (A.34)
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<Nipqu> = <(’7i’7p - 51‘1))(’7,"7:, - 5jq)> = <’7i”lj”lp71q> - <ni’1p>5ﬂ] - <7I_/7Iq>5fp + 95p054
= 040pq + 0ip0jg + 0540 — 0ip0jq — 0jgOip + 0ipdjq = 01j0pg + 0ig0jp,
(B™) = by + b%(M;) + 3%, (MiM;) + bo (3Ar) + O(AF)

= o+ (000 + 185, bo + 160 ) At + €(AP),

J T 47
MAM\ _ 100 L
<DP D} > — DDY + O(Av),

(BYBY) = B0, + 0(Av).
From Eq. (18) and Egs. (A.34)-(A.38), we obtain
(AY,AY,) = AP(DMDY) +3Ar(5™)26,, + IA2 (DY) (60, + 640)
—3A2(Bif g + ] ) + o(ar)
ii4

— APDID + Atdyy by + DD + DAty + 3ot ) + JAP(IB S, + B 1)

- %At2<b3v{2 [g;‘,“, + gj};] > +O(AP).

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

By construction of the scheme, the symmetric second-order tensor g;; (Eq. (21)) is defined so that Eq. (A.39)

agrees with Eq. (A.24) to order A#.

A.3.3. Third moments

When third moments of AY are formed from Eq. (18), we have the following observations:

e Since ((&, +n,)(& +n,)(& +n,)) =0, the products of the square of the second term with the fourth

term equals zero.

o The leading-order terms are of order Af?> and arise from products of the square of second term with the

first and third terms.
e Other terms are at most of order A#.
The correlations of # and Nj;(y) that arise can be evaluated as, for example:

(& +m,) (&g + 1)Nu(m)) = (nn,Niw) = (0, (1, — 0i)) = MMy — (MpMg) Oir
= 5pq5ir + 5pi5qr + 5pr5qi - 5pq5ir = 5[71'5(]7‘ + 51,75(11'.

Thus, we can obtain the third moments of AY:
(AY,AY,AY,) = 102 (MDY 26, + (BMDY )25, + (BMDY )23, ) +3A2(BMB ) (1,1,
+ <’7q77erj> + <'1p17quj>)
= AP {bo(D}3, + D)oy + Do) + Yo0(b,3, + B0 + B0y b + C(AF),

which agrees with the third moments of AX (Eq. (A.25)) to order Az’

(A.40)

(A.41)
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A.3.4. Fourth moments

To order A, the fourth moment of AY arises entirely from the second term in Eq. (18), and is:
2
(AVAY,AY,AY,) = GABM) (&, +1,) (& + 1) (& + 1) (& + 1))
= APBY(Sy0rs + By + 00,) + O(AP), (A42)

in agreement with Eq. (A.26) to order A#>.
A.3.5. Higher moments

It may be observed that although AY (Eq. (18)) contains contributions of order A7'/?> and A#/?, the
expansions for the moments of AY are in integer powers of Az. This is because the terms in A¢'/?> and A¢*/>
are multiplied by zero-mean Gaussian random variables, and hence only contribute to moments when
multiplied by themselves or each other an even number of times.

It follows immediately that fifth and higher moments of AY are at most of order Af*. Thus we have
verified that the scheme proposed in this paper satisfies the sufficient conditions to be weak second-order
accurate.

Appendix B. One step weak second-order scheme [10]

In this section is a brief description of the weak second-order scheme proposed by Kloeden and Platen
[10] for the SDEs which have the form of Eq. (2). The notation is the same as defined in previous sections.

Following [10], consider the general step from time # to #, + Az from the initial condition X(z,) = X.
Recall Eq. (17) of Section 2.4,

X(ty 4+ At) = Y(to + A1) = X° + AY, (B.1)

where Y(#) + Az) is the numerical approximation to the exact value X(# + Az). Then the one step weak
second-order scheme is defined by (from Egs. (14.2.7), (10.1.1), and (10.1.3) of [10]):

AY; = DAt + A2 (D,- DD, + %BQD,,,-,-) AN [B +1A(B+ DB, +18°B )¢,
+1APPBD, &, + IAtBB (&8 + V7)), (B.2)

where all coefficients are evaluated at (X°, #y). As previously, & are independent standardized Gaussians and
the two-point distributed random variables V;; are defined by (from Eqgs. (14.2.8)—(14.2.10) of [10]):

P(V;=+1) =1 fori<}, (B.3)
V;=-1 fori=yj, (B.4)
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