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Abstract— Progress is reported in the integration of two  the table. Only when needed, ISAT adds new entries to
methodologies to enable the efficient application of realistic  the table by invoking the ICE-PIC dimension reduction
combustion chemistry in computational fluid dynamics.  ,5cedure together with the detailed mechanisms. In other
These methodologies are ICE-PIC (invariant constrained- ds. th duction/tabulati thodol det .
equilibrium edge manifold using the pre-image curve woras, the re, U(_: ionAabuiadon mg 0 °°9y etermines
method) for dimension reduction, and ISAT (n situ adaptive ~ and tabulatesiff situ) the necessary information about the
tabulation) for tabulation of the reduced system. New results  n,.-dimensional reduced system based on#thespecies
are reported on the tangent vectors of the constrained- detailed mechanism.
equilibrium and ICE manifolds, which are important quan- In the next section we briefly review the ICE-PIC

tities in ICE-PIC/ISAT. The test case of a partially-stirred . . . . .
reactor with methane combustion is used to demonstrate the method as implemented in conjunction with ISAT. Then

accuracy and efficiency of the combined approach. we derive expressions for the tangent vectors of the
constrained-equilibrium manifold (CEM) and the ICE
. INTRODUCTION manifold, which are needed by ISAT. Finally, results

Dimension reduction is essential to the use of detailedire given for the test case of a partially-stirred reactor
chemical kinetics in computations of combustion andwith methane combustion, showing the accuracy of the
many other reactive flows. Modern chemical mechanismslimension reduction and the efficiency gains achieved by
for hydrocarbon fuel may contain of order 1,000 specie$SAT.

[1], and it is clearly impracticable to use this detailed

information directly in multi-dimensional computational Il. THEICE-PIC METHOD

fluid dynamics (CFD) calculations. A combination of The ICE-PIC dimension reduction method is based
three approaches that enables the use of detailed chewn constrained equilibrium theory [10], [11], [12],
ical information consists of: (1) reduction to a skeletaltrajectory-generated manifolds [13] and the pre-image
mechanism [2], [3], [4] involving of order 100 species; curve method [14]. We give here a succinct overview of
(2) dimension reduction (DR) to reduce the number ofthe ICE-PIC method, as it is implemented in conjunction
degrees of freedom to of order ten; and (3) tabulation tavith ISAT. More details can be found in [5], [6], [7].
significantly reduce the cost of expensive evaluations, e.g We consider a gas-phase mixture of chemical
the integration of ordinary differential equations (ODES) species composed of. elements. The thermochemical

In this work we develop a general, combined dimen-state of the mixture (at a given position and time) is
sion reduction/tabulation methodology by considering thecompletely characterized by the pressprethe mixture
integration of two successful techniques, namely, theenthalpyh, and then,-vectorz of the specific moles of
invariant constrained-equilibrium edge pre-image curvehe species. To simplify the exposition, we tgkend h
(ICE-PIC) method for dimension reduction [5], [6], [7], to be given constants, and so the state is givem.by

and in situ adaptive tabulation (ISAT) [8], [9]. An ex- Due to chemical reactions, the composition evolves by
ample of the application of this type of methodology dz
is as follows. A detailed mechanism with, species — = S(z), Q)

is provided. In the reduced description given by ICE- ) dt . )
PIC/ISAT, the reactive flow calculation is performed in WhereS is the n -vector of chemical production rates.
terms of a small number of, reduced variables, and The “reaction mapping’R(z,?) is defined to be the
chemical reaction is separated from other processes infflution to (1) after timet from the initial conditionz.
a reaction fractional step, by using a splitting schemeAnd the mapping gradienA (z, ¢) is then, x n, matrix
Given the reduced variables at time the task in this With components
reaction fractional step is to determine the corresponding A;; = OR; 0z )

. . . . . . 1) ( 7
reduced variables after (adiabatic, isobaric) reactiosm ha
occurred for the time-step interval. The ISAT algorithm, aln practiceR and A are obtained together using the ODE
storage/retrieval technique, tabulates the reducedblaria solver DASAC [15].
information before and after reaction, so that, given the In the ICE-PIC method, the species are decomposed as
reduced variables before the reaction substep, the coe-= {z",z"}, wherez" is ann,.; vector of “represented”
responding values after reaction can be retrieved fronspecies, andz“ is an n,s-vector of “unrepresented”



species (withn,s + n,s = ng and n,.s < ng — ne). r?, and timer such that
At the present stage of development of the methodol- ICE CE

ogy, the represented species are specified: ultimately, the z-"%(r) = R(z""(r?), 7). )
methodology should identify the optimal specification. The pre-image curve method [14] is used to identify
The “reduced representation” of the species used in ICEgjivenr) and consequently the unique ICE manifold point

PIC isr = {z",2"°}, wherez"“, is ann.-vector giving  5/CE(y), Of course, consistency conditions are
the specific moles of the elements in the unrepresented

species. Thus is a vector of lengthn, = n,, + ne, BTz'F(r) = BTz%(r) = . (5)
and the dimensions of the system is reduced frajrto

N~ . . . Ill. THE CEM TANGENT VECTORS AND THEICE
n, < ng. This dimension reduction process can be written

MANIFOLD TANGENT VECTORS

r =Bz, 3) In the combined ICE-PIC/ISAT approach, the tabula-
tion is performedin situ during the combustion calcula-
tions and is made in the,-dimensional reduced space.
Important quantities needed in the approach are the tan-
given r, define an appropriate full compositian We gent vectors_ of the ICE mgnifold. Here, we present some
denote byz/CE(r) the species reconstruction given by new theort_at!cal results which provide quite simple means
the ICE-PIC method. We also considef” (r) which is of determining the tangent vectors of the constrained-

the constrained-equilibrium (maximum-entropy) compo—equilibrium and ICE manifolds.
sjtion, as used in the rate-controlled const_rained eql_JiIibA_ The CEM Tangent \ectors
rium method (RCCE, [10], [11], [12]). This is readily

computed using the constrained-equilibrium code CEQ An |mp0rta.nt qg%ntlty in the ICE-PIC method is the
[16] ns x n, matrix T* whose columns span the tangent

» Space of the CE manifold, and which relates infinitesimal
changes inz“” to those inr by

whereB is a known constant, x n, matrix.
The fundamental issue in dimension reduction of com
bustion chemistry is “species reconstruction” that is,

In thens-dimensional full space, the “realizable region
is the simplex defined by; > 0, w’z = 1, wherew is
the ns-vector of molecular weights. (The normalization dzCF = TCE 4r. (6)
condition w’z = 1 is equivalent to the mass fractions
summing to unity.) Thus, the realizable region for We have obtained a new, simple expression Tr”.
is a simplex in the(n, — 1)-dimensional affine space It is presented here for the case of fixed pressure and

wTz = 1, which hasn, facets (corresponding tg = 0,  temperature, from which the corresponding result for

i = 1,---,n,). In the n,-dimensional reduced space, fixed p and’ is readily obtained.

the “realizable region” corresponds to= B’z for all For the case considered, the constrained equilibrium
realizablez. This is a convex polytope within which composition is given by [16]

the components of are non-negative. The boundary 29F — Nexp (=g + BA), )

of this reduced realizable region may have very many
facets, but, in the applications described below, the acetvhereN = Y"7, ¥ is the specific moles of all species;
encountered usually correspond to one component of g are normalized Gibbs functions; arid are constraint
being zero. The “constrained equilibrium edge” is definedpotentials (or Lagrange multipliers).
asz“F(r) for all r on the boundary. The ICE manifold is  Considering infinitesimals, we obtain from (7)
defined aR (2 (r), t) for all r on the boundary and all cE OB _

dz"* = z%%d In(N) + ZBdA, (8)

t > 0. Thus the ICE manifold is the trajectory-generated
manifold originating from all the constrained equilibrium \yhere 7 is the diagonal matrix formed from®E. Sum-
compositions on the boundary. Some important propertieﬁ“ng (8) over all the species leads to the constraint
of the ICE manifold are:
1) existence: for all realizablethere exists a manifold 0=1z"BdX =r"dA. 9)
point z/“F(r)
2) invariance: the ICE manifold is invariant with re- A
spect to (1) dz®F = MdA, (10)
3) continuity: the ICE manifold is continuous .
4) smoothness: the ICE manifold is piecewise smooth\,NIth

Equation (8) can be re-expressed as

rdN

and is the union of smooth manifolds generated by dX=dX + TEN (11)
the facets

5) uniqueness: for a reasonable specification of th@nd -
represented species, the manifold is not “folded”, M=zr’ +ZB (I — rr) ) (12)
so that for giverr there is a unique manifold point |r[?
z'“F(r). We observe from (10) that the columns Bf span the

Provided that the manifold is not folded, given a realizabletangent space. LeW denote anyng x n, matrix with
value ofr, there is a unique “generating boundary point” span(W) = span(M) = span(TF). Then there exists



a non-singulan,. x n,. matrix D such thafT’“” = WD. the specified residence time, outflow and inflow consist of
From (5) we obtain selecting%NAt/r,.es pairs at random and replacing their

T, CE 1 TmCE 1. 1T compositions according to inflow compositions, which
B dz"" = dr =B T""dr = B" WDar, (13) are drawn from a specified distribution. With,;, being

and hence the specified pairing time scaléjNAt/Tpair pairs of
BTTCF =1, (14) particles (other than the inflow particles) are randomly
Texr 1 selected for pairing. o _
D=(B"W), (15) In this study, the GRI-Mech 1.2 mechanism involving
i 31 species is used to describe the methane combustion.
and finally The species involved are
TP = Ww(BTW)" L. (16)
{Hz,H,O2,0H, H,O,CHs,CH,,CO,CO>, (21)
In practiceW is best taken as an orthonormal basis for CH20,C2Ha4, 0, HOz, H202,C, CH, CHa, CH3(S),
span(TCF), obtained from the SVD or QR decomposi- ~ #C0:CHz0H,CH;0, CH;OH, C2H, C2 Hz, O3 Hs,

tIOI"I Of M. 6'21‘15,C'2H(;,I{C‘C’O,C‘I‘IQC'C),I‘IC’C‘OI‘I7 Nz}

Itis mtegzstmg to observe thaf“* is solely deter-  The pressure is atmospheric throughout. The specified
mined byz and'B,'and does not otherwise d~epend ONtime scales are,., = 10ms, T = lms, Toair = 1ms,
any thermodynamic information (such asT" or g). and the time step is constant witht = 0.1ms. There
B. The ICE Manifold Tangent Vectors are two inflowing streams: one premixed stream of air
and methane at 600 K and a pilot stream consisting of
the adiabatic equilibrium products of a stoichiometric
fuel/air mixture at 2375 K (corresponding to an unburnt
dz/CE _ TICE g, (17) gas temperature pf 600 K}. The mass flow rates of the
’ two streams are in the ratio 0.95:0.05. Initially (t = 0),
We are considering now the relevant case of constardll particle compositions are set to be the pilot-stream
pressure and enthalpy, so that (6) and (17) are at fixedomposition. The number of particles in the reacfér,is

Also important in combining ISAT with ICE-PIC is the
matrix of ICE manifold tangent vector¥/¢¥ defined
such that

p and h. (This implies a re-definition o “¥.) 100. All the calculations performed result in abawt 106
From (4), considering infinitesimal changds? and queries.
dr, we have correspondingly In the following, we present the results obtained with
dzCF — TCE gy, (18) dimension reduction (DR) methods — both RCCE and

ICE-PIC and compare them with the full chemistry (FC)
and results involving all the species without dimension re-
duction. Specifically, we present preliminary results on

dz'F = Az, 7)TF (x%)dr? + 8(z"“F)d7. (19)  gimension reduction error incurred by RCCyE and ICE-

We consider the case in whiet{ is zero on the boundary PIC, as well as the ISAT statistics indicating the efficiency

facet for some value of. Since we requirerd + dr¢  gains achieved by ISAT.

to be on the boundary, it follows thal-] is zero. This _

consideration and (19) show that the tangent space of tH%‘ Tabulation error

ICE manifold is spanned bg(z/“F) and then, — 1 In the combined DR/ISAT approach, to study the

vectors obtained fromATCF, with the k-th column dimension reduction error, the tabulation error incurred

omitted. Then, by the same argument that leads to (16Ry ISAT has to be minimized. We define the tabulation

we have error, e;qp, IN ISAT in a property,o, at a specified ISAT
TICF = W(BTW) !, (20)  error toleranceg;,;, for the full chemistry (FC) case to
« be
where W is ann, x n, matrix (obtained fromS and () l|prc(etor) — drolel,)l 22)
CE . f €Etab\Etol) = T S )
AT%*) which spans the ICE manifold tangent space. tab\€to maz{|prc(e,)|}

IV. TEST CASE PREMIXED METHANE COMBUSTION  where ¢/, is a small reference error tolerance, which
The test case considered is a partially-stirred reactads taken to beef, = 107%. (Notice thate;,, = 1076
(PaSR) involving premixed combustion of a methane/aiis sufficiently small and its corresponding prediction
mixture. The PaSR was used previously to investigaterc(e},;) is regarded to be accurate.) The denominator is
ISAT performance [8], [9], [12]. A description of the the maximum value of the propergywith full chemistry

PaSR is given in [8], [9] and briefly repeated here. over all time.

At time ¢, the PaSR consists of a specified even In this study, the tabulation error incurred by ISAT
numberN of particles. WithAt being the specified time is calculated by tracking all the particles for all time.
step, at the discrete timgsAt (k integer) events occur Figurel shows the maximum tabulation error over all the
corresponding to outflow, inflow, and pairing. Betweenconcerned properties (the concentration of all the chemi-
these discrete times, the composition of particles evolvesal species in Eq. 21, density, enthalpy and temperature)
by a mixing fraction step (withr,,;, being the mixing vs. the ISAT error tolerancee(,;). As can be seen, the
time scale) and a reaction fraction step. With, being tabulation error reaches a very low value of aroGnd’



ICE-PIC dimension reduction error.

ISAT Tabulation error

3.0 T T T T T
101 —r g
[0} A 1
<) A
]
f=
@ (0]
g 100 é A E
o 2
g 8
= (7]
(0] o
o A .
2 10-1 F E e
s E E 5
3
K N
K
1o-2 | Ll |
10— 6 10~5 10—4 1073 102

€
tol Ters

Fig. 1. Plot of the maximum tabulation error in ISAT vs. the sfied Fig. 3. Plot of the ICEPIC dimension reduction error in the concen-
ISAT error tolerance. tration of the represented species vs. the number of refegsspecies
for the methane premixed combustion.

at ¢;,; = 1072. Hence, it is sufficient to use,; = 10~°

for studying the dimension reduction errors. of explaining the procedure of dimension reduction error

calculation. In future work of ICE-PIC, the best possible

) ) ) ) set of represented species which give the minimum error
We define errorp, in a propertyg, due to dimension  \youid be chosen for a given dimension. As a comparison,

reduction as Fig.4 shows the maximum dimension reduction error in

P llopr — drcll2 23) the concentration of represented species vs. the dimension

maz{|ppc|} nrs (number of represented species) for both RCCE and

whereépr andé o are the predictions from the reduced 'CE-PIC methods.

description and the full description, respectively (with

the ISAT error tolerance;,; = 10~°). The dimension - Dimension reduction error.
reduction error is calculated by tracking and comparing ' ' ' '

all the particles for all time.

B. Dimension reduction error
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Fig. 4. Plot of the maximum dimension reduction error in the eepr
sented species vs. the number of represented species for thanae
premixed combustion.
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Fig. 2. Plot of the RCCE dimension reduction error in the cotragion It is readily seen from Figs. _21 3, 4 thf'ﬂ the errors
of the represented species vs. the number of representeiésfecthe  incurred by RCCE and ICE-PIC in the species concentra-

methane premixed combustion. tions are small. For all the cases considered, the maximum
dimension reduction error incurred by RCCE and ICE-
Figures 2 and 3 show the dimension reduction erroPIC is about 4% and 2.5%, respectively. Another inter-
percentages in the represented species concentrations @sting observation is that as the number of represented
ing the RCCE and ICE-PIC methods respectively. Forspecies increases, the dimension reduction error incurred
each reduced description with,,, the set of firstn,, by ICE-PIC decreases, but not necessarily so for RCCE.
number of species in Eq. 21 are used as the represent&imilar observation can also be made for the errors in
species. The errors are computed for the representdbie thermodynamic properties such as enthalpy and
species used at the lowest dimensign = 8, i.e the first 8  temperature as shown in Fig.5.
species in Eq. 21 (which are also present in all the higher o
dimensions). It should be noted that the current approach: 'SAT Satistics
of choosing the first,.; species as the represented species In this section we discuss preliminary results for ISAT
is not the optimal, and is used only for the conveniencgperformance with dimension reduction and compare them
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Fig. 5. Plot of the dimension reduction errors in the thermaayic
properties for the methane premixed combustion.

with the full chemistry (no dimension reduction) case.
All the calculations (with the ISAT error toleraneg,; =
10~°) result in 1020600 queries to ISAT.
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Fig. 6.  Plot of fraction of primary retrieves vs. the number of
represented species for the methane premixed combustion.
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Fig. 7. Plot of fraction of secondary retrieves vs. the numokr
represented species for the methane premixed combustion.
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Fig. 8. Plot of fraction of grows vs. the number of represersigecies
for the methane premixed combustion.
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Fig. 9. Plot of fraction of adds vs. the number of represenfeties
for the methane premixed combustion.

ISAT performance as the full description, and most of

the queries are successfully resolved by computationally
cheap retrieve operations. In contrast, the current im-
plementation of ICE-PIC results in a significant num-

ber of computationally expensive grow and add events,
particularly with a small number of represented species.
The reasons are still under investigation. Future work
includes the development of an ICE-PIC implementation
with improved ISAT performance.

V. CONCLUSIONS

The combination of ICE-PIC and ISAT offers accurate
dimension reduction and efficient tabulation. Advances
have been made both in the theory (e.g., in the accurate
and efficient evaluation of the tangent vectors) and in the
computational implementation.

The study shows that the dimension reduction errors
in species concentration and thermodynamic properties
incurred by ICE-PIC are well controlled and decrease as
the number of represented species increases. In the PaSR
test case of premixed methane combustion involving 31

Figures 6 and 7 show the fraction of queries whichspecies, with 8 represented species, the maximum dimen-
resulted in primary and secondary retrieves respectivelsion reduction error incurred by ICE-PIC is only about
And Figs.9, 8 show the fraction of queries that resulted?2.5%.

in “adds” and “grows” respectively. It is readily seen

Preliminary results for ISAT performance with and

that the reduced description by RCCE has comparableithout dimension reduction are studied. These show



that the reduced description by RCCE has comparable
ISAT performance as the full description, and most of
the queries are successfully resolved by computationally
cheap retrieve operations. In contrast, the current im-
plementation of ICE-PIC results in a significant number
of computationally expensive “grow” and “add” events,
particularly with a small number of represented species.
The development of an ICE-PIC implementation with
improved ISAT performance is in progress.

In future work, a more robust and efficient implemen-
tation of ICE-PIC/ISAT will be developed as well as a
methodology to choose the optimal represented species,
and the application of this combined method in practical
combustion calculations is expected.
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